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Abstract: The free vibration of multiple cracked multi-span continuous
functionally graded (FG) nanobeams is investigated based on Eringen’s
nonlocal elastic theory (ENET). The massless three-spring model is employed
to model transverse edged cracks. The governing equations for multiple
cracked FG Euler-Bernoulli nanobeams are established by employing
Hamilton’s principle, the ENET, and conditions of continuity at the crack
locations. Analytical solutions are obtained to construct the dynamic stiffness
matrix of nanobeam element. The proposed matrix enables an efficient and
highly accurate free vibration analysis of cracked FG multi-span nanobeams
while requiring only a minimal number of elements. The accuracy of the present
approach is verified through numerical validations with previous works. The
influences of nonlocal, material, and geometric parameters on the free
vibration of multiple-cracked multi-span FG nanobeams are investigated in
detail.
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1. Introduction

An advanced class of composite materials,
known as Functionally Graded Materials (FGMs),
is designed to provide excellent thermal and
thereby improving the

mechanical properties,
performance and reliability
components. FGMs are widely

nanoscale applications such as nanobeams,
nanotubes, and nanoplates within NEMS/MEMS
devices. These applications encompass energy
systems,
switches, nano-actuators, nano-sensors,
resonators, where high sensitivity and customized

harvesters, fluid-conveying

performance are crucial.

Classical elasticity theory fails to account for
size-dependent effects at the micro/nanoscale,
where structural dimensions become comparable
To overcome this

to interatomic distances.

limitation, Eringen introduced the Nonlocal
Elasticity Theory (ENET) in 1972. ENET assumes
that the stress at a point is influenced by both the
local strain and the strains at neighbouring points.
Since its introduction, ENET has been extensively
applied to investigate the mechanical behaviour of
micro/nanostructures fabricated from
homogeneous materials [1-4] and FGMs [5].
Crack initiation in micro/nanostructures may
be attributed to atomic defects [6] or fabrication-
induced thermal expansion [7]. Most existing
studies on the free vibration of nanostructures have
concentrated on intact FG nanostructures, while
investigations involving cracked configurations are
still limited. Among various crack modeling
techniques, the elastic massless spring model is
the most widely employed in the analysis of
cracked nanobeams. Souq et al. [8] concluded that

of  structural
utilized in

nano-
nano-
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empirical crack models formulated at the
macroscale can be effectively and reliably
employed in the Vvibration analysis of
nanostructures.

Only a limited number of studies have
addressed the bending, vibration and stability
behaviour of cracked FG nanostructures within the
framework of the ENET, including works by
Soltanpour et al. [9], Ghadiri et al. [6], Esen et al.
[10], and Attia et al. [11]. Except for Refs. [12, 13],
all existing studies have focused on FG
nanobeams subjected to simply supported ends or
clamped ends containing a single crack. For a
nanobeam containing n cracks, the natural
frequencies and mode shapes are obtained by
solving a 4(n+1)-order determinant that combines
4 boundary conditions with 4n continuity conditions
at the crack locations, leading to a rapidly
increasing computational effort as n increases.
Lien et al. [14] derived analytical solutions for FG
nanobeams containing n cracks under different
boundary conditions, in which the natural
frequencies and mode shapes are determined by
solving only a 3rd-order determinant, regardless of
the number of cracks.

Although ENET is widely applied in the study
of micro/nanostructures, inconsistencies known as
non-local paradoxes can arise in bending and
vibration analyses of nanostructures [15-21].
Similar inaccuracies have been reported in many
recent publications [11, 22]. The resolution of this
issue has attracted significant research attention.
Challamel et al. [23] introduced a discrete
modelling approach, whereas an integro-
differential alternative to the ENET was presented
by Khodabakhshi and Reddy [24]. Furthermore,
Aria and Friswell [25], along with Numanoglu and
Civalek [26], employed finite element formulations
based on the weighted residual method. Recently,
Xu et al. [27] and Lien et al. [14, 28, 29] utilized the
governing equations in their weak form to derive
physically accurate and variational-consistent
boundary conditions.

It has been observed that the FEM, as an
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approximate approach dependent on the choice of
shape functions, may fail to accurately capture
higher natural frequencies and corresponding
mode shapes, even when refined meshes and
higher-order elements are employed [30, 31]. The
dynamic stiffnress method (DSM) provides an
excellent alternative to the FEM by overcoming its
limitations. The DSM uses shape functions derived
from exact analytical solutions, offering high
accuracy for high-frequency responses. Its results
are independent of mesh refinement and element
selection, even with a minimal number of elements
[32-35]. Adhikari et al. [1], [36], Taima et al. [37]
applied the DSM to investigate the free vibration of
FG nanobeams. More recently, Lien et al. [28, 29,
38, 39] proposed a nonlocal DSM for intact FG
nanobeams by incorporating both Euler—Bernoulli
beam and Timoshenko beam.

Despite existing studies on FG nanobeams,
a comprehensive investigation of the free vibration
of multiple cracked multi-span continuous FG
nanobeams remains absent from the literature. In
the present study, by using the DSM, the free
vibration of multiple cracked multi-span continuous
FG nanobeams is analysed. The dynamic stiffness
matrix is constructed from analytical solutions of
the motion equations for multiple cracked FG
Euler—Bernoulli nanobeam elements. These
solutions successfully eliminate the nonlocal
paradox commonly observed in cantilever
nanobeams. The reliability and accuracy of the
proposed model are confirmed through
comparisons with available published works.
Furthermore, a comprehensive parametric study is
performed to investigate the effects of material
properties, geometric characteristics, crack
configurations, and nonlocal parameters on the
free vibration of multiple cracked multi-span
continuous FG nanobeams.

2. Intact FG nanobeam element

In this paper, an FG nanobeam is considers
with material properties that vary continuously
through the thickness, given by [40]
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E(z)=E, +(E, -E,)(z/h+0.5)

(1

p(z)=p,+(p, —p;)(2/h+0.5)"

where n is the volume fraction index; E and p
denote elastic modulus and mass density,
respectively; 2 and 1 denote respectively the top
and bottom layers; z represents the thickness
coordinate with its origin located at the mid-plane
of the nanobeam (Fig. 1). The displacements of the
Euler-Bernoulli nanobeam are represented as

Z E}_{))

E; pr
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follows:
ow(x,t)
u(x,z,t)=u,(x,t)-(z-h
()0()(0)8)( )
W(X,zZ,t)=w,(x,t)
where  uo(x,t) denotes the longitudinal

displacement; the transverse deflection of the
neutral plane is denoted by wo(x,t); ho represents
the offset distance between the neutral axis and the
x-axis [41]. The constitutive equations of the
nanobeam based on ENET are expressed as [42]:

Neutral axis

r

Fig. 1. An FG nanobeam

o’c,,

On ~H 2" = Ee,, 3)
where p is the nonlocal parameter. Let A11, A12, and
A2, denote the rigidities, and 141, l12, and l2> denote
the mass moments, respectively

A, = j E(z)dA; A, = j (z—h,)E(z)dA

2»=](z=h,) E(z)dA;l, = j p(z)dA 4)
A

2 = [(z=hy)p(2)dA; L, = [(z—h, ) p(z)dA

A A

Using Hamilton’s principle, the equations of
motion are expressed as [29]:
Eq. (5)
and the corresponding natural boundary conditions
Eq. (6)

It should be emphasized that Eq. (5), along
with Eq. (6), do not satisfy the self-adjointness
condition for nanostructures with free ends. To
eliminate the paradoxical results, the weak form of
Eq. (5) is established by weighting Eq. (5) with the
virtual displacements oug and d&wg, respectively,
followed by integration over the beam length.
Thence, the resulting variationally consistent
boundary conditions are expressed as follows:

Eq. (7)

Eq. (7) presents the complete set of classical
boundary conditions for the Euler—Bernoulli
nanobeam. These boundary conditions satisfy the
self-adjointness condition and coincide with those
in Eq. (6) for clamped, simply supported and
clamped—simply supported ends.

A o°u, A o*w, iu v, | °w, 0 o°u, ol 0w, _
" ox? 2 ox® "ox2otr MPoxlet? ) M a2 " oxot?
5
A o°u, _A o'w, ol o'w, . i o°u, . | Fw, | Pw, Dy, N o'w, _o )
2 ox® 2 oxt " oxZot? 2at2 Wos The Zgar Yoo T2 Gamz | T oz The gz Tl e

ou o’w o°u,
N=Ruox Ao (I” ot

o'w,
I12 2 42
ox“ot

2 2
M:Am%—A oW, 6w0_|

(6)

83
+ H[Im ox 8’(2

ox 2 ox? th ot

o'w,
2 ox2ot?
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2 3 2 3 4 3 5
Q:A128u20_Azzavzo_lualio"'lzzawg"‘u 12 a2lJ02+|116V\I(2)_22 8:\102
OX OX ot oxot ox“ot oxot ox”ot
ou o°w o°u o*'w
N=Riox A ge * ”[I“ ot axzatozj
o°w
M=A,, 8X20 (7)
o’u o’w o*w o*u o°w °w, ..
A=AuZe ~PaTa Thagge T (Im o T ok 2 ok o
By applying the Fourier transform, Eq. (5) in =A%
and (7) are transformed into the frequency domain Eq. (12)
as follows: where
Eq. (8) Eq. (13)
e Let the solutions of the cubic Eq. (12) be
\I/Ev(:\éf'z) denoted as n,,n,,n, and:
Eq. (10) Eq. (14)
By assuming the solutions of Eq. (8) in the Eq. (19)
following form {Zo} _ o™ {d} _one obtains: Thence, the solutions of Eq. (8) are
Eq. (11 expressed as follows:
% (0 . . Eq. (16)
Non-zero solutions of Eq. (11) exist when the _ _
determinant vanishes. Expanding the resulting where [GO(X’(’))] is the matrix
characteristic equation leads to a cubic polynomial Eq. (17)
d*{z} & {z} d {z} diz}
(Ao A g A e A=+ A iz} = {0] (8)

(10)
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|:A11 - H|11(’32}ax _(A12 — plyp0° )5i
[be]= 0 A0
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(A12 - M|12®2)ai [_(Izz + il )mz]ax - (Azz - “Izzmz)ai

(W [A]+ 2 [A ]+ 22 [A,] 1 [A,]+[A]){d} = {0}

an’ +bn’ +cn+d=0

a=p* (I11I22 - |122)(D4 - H(Aﬁlzz —2A 5l + Ayl )@2 +AA,, — AL

HlAG+ A, =)
b=—u|2(l 1, -5)+pn? m4+[ ®
[ (1122 12) 11} C2A L, F AL

C = (ldpy — I, + 20, )0 — Aj0?

d=-Io*

Mg = TNy 3 A5 = TNy 5 hge = TN
(A12 - HI12(’)2)kj2 o'

o, =k, ;j=13
b (A11 _lvllﬁwz)ka +1,,0°

(2,00} = [UW W, W) =[G, (0] (G
o0,e  0,e' a,e —ae™
ekﬂx ekzx eksx e—k1x e
G =
[ 0 (X):I k1ek1x kzekzx k3ek3x _k1e7k1x _k2efk2x

k2e“* k2 ki ke kle™

—k,x

3. Cracked FG nanobeam element
A transverse edged crack located at z=ze in
the FG nanobeam is represented by three

b 4 a)

—k,x
—-0,e

(1)

(12)

(13)

(14)

(15)

(16)
—0L,8 7

e—k3x

_kse—k3x (17)

ke "

massless elastic springs that connect the intact
segments (Fig. 2). The continuity conditions at the
cracked cross-section are expressed as [43]

k#

_ h =+ = = X =i

©— .

%

kY ' b)

Fig. 2. A transverse edged crack and equivalent massless three-springs model

U(z, +0)=v,U'(z,)+U(z, - 0)
W(z, +0)=-y,. W"(z,)+ W(z, -0)
W'(z, +0)=—y, W"(z,)+ W'(z, - 0)

U(z, +0)=U'(z, -0) (18)
W"(z, +0)=W"(z, -0)
W"(z, +0)=W"(z, - 0)
where
A A A
v1=k—g;v2=k—§;v3=k—§2 (19)

The parameters y1, y2, and y3 are functions of
the material, geometric and crack properties of the
FG nanobeam. These parameters are taken to be
equivalent to those of an associated homogeneous
nanobeam. Thence, these parameters are
evaluated as follows:

¥, =2n(1- v2 o, (E);
72 = 61(1= v )ho,f,(E); (20)
Y5 =2n(1- v2 )hs(l)zfs(é)
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where &=a/h; ¢+ and ¢2 are functions of FG
parameters [43]:

2R, +n) _ E_ hy
- ARt g _Eig05+0
"R N (eny e TE, T,

(21)
24 | 3R, +n 2R, +n
- o+

R.+n ,
a
R, +1/3(3+n) 2+n

1+n

b, =

fi, fo, and f3 are functions obtained from
mechanics of fractures [44-46]:
Eq. (22)

The solution of Eq. (11) that satisfies Eq. (18)
at the crack is expressed as:
Eq. (23)

Tran & Tran

where [G.(x)] is a particular solution; {Z;(z,)} is
the vector:
Eq. (24)

The analytical solution of Eq. (11) is obtained
through the principle of the superposition as
follows:

Eq. (25)

Applying the recurrence theorem, the matrix
W is expressed as:

Eq. (26)
where [, ]is:
Eq. (27)

f,(&)=0.6272¢2 —0.17248¢° +5.92134&* —10.7054£° +31.5685¢°

_67.4787 +139.123% —146.682¢° + 92.3552¢°

f,(&)=0.6272¢% —1.04533¢° + 4.5948¢E" —9.9736¢° + 20.2948¢°

(22)
—-33.0351¢7 +47.10638% — 40.7556¢8° +19.68™°
f, (&) =—-2.1668log(1- &) — 2.1668¢ — 1.0834£2 +0.6018¢° + 4.9485¢*
+0.44612° —10.9659¢° +9.3162¢" —2.5110¢°
{Z,(X)} =[G (XHZi (2, )} (23)
{Zy(z,)} = (Uy(2,) Ws(z,) Wo(z,) Wilz,))' (24)
(2.0} =([Go ()] + [ Ge(x - 2,) |- [G}(2,)]){C} = [P(X)KC} (25)
[@(x)] =[G (0] + Y[ Colx-2,) ] [%,] (26)
j=1
[%]=[Giz)]+ X [Gulz, -2z ) %] i=1n (27)
k=1
4. Dynamic stiffness matrix U, =U(0); U, =U(L)
For the FG nanobeam, the nodal @, = W'(0); d, = W'(L)
displacement vector {Ue¢} and the corresponding W, = W(0); W, = W(L)
nodal force vector {P.} are determined as follows 1 T (29)

(Fig. 3):
U} ={U,®,,W,U,, @, W,}'

(N1 M, Q1) = _[BF](U W w’ W")|
(N, M, Q;)=[B[(UW W' W")

x=0

(28) x=t
{Pe} ={N,.M,.Q;.N,,M,,Q,}' and Bk is the boundary condition operator in Eq. (9)
where extended to the solution expression (24)
(A11 _ulﬁmz)ax 0 0 _(A12 _Mlmmz)
[B:]= 0 0 0 A, (30)

(A12 - thwz)ai

- (Azz ~ uly,00° )ax
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Fig. 3. A nanobeam element
Substitution of Eq. (26) into Eq. (29), followed det[K]=0 (34)

by elimination of the vector {C} yields:

[K.(@)].{U,} = {P.()} (31)
where the dynamic stiffness matrix is denoted by
[Re] for the cracked FG nanobeam, presented as

Ve [_BF (q})x:o]

¥(0)
[K.]= - 7))

[B:(%),. ] L%

For the entire structure, by enforcing internal
force equilibrium at each nodal point, the global

-1

(32)

stiffness matrix [K] is constructed. Denoting U as
the global degree-of-freedom vector of the
nanostructure, the equation of free vibrations is
expressed as:

[K].{u} = {0} (33)
Thence, natural frequencies can be obtained
by setting the determinant of the matrix [K] to zero:

The mode shape associated with the
frequency oj; is obtained as follows:

I

where C! denote a constant, {Uj} represents the

{0,001 = C} [P(x,0) |-

normalized eigenvector obtained from Eq. (33)
associated with the natural frequency ;.

To determine the natural frequencies and
corresponding mode shapes, a program in Matlab
was established based on the Wittrick-William
theorem [34], together with the Newton-Raphson
method. The mode shape associated with the
frequency w; is obtained by applying the SVD
algorithm to Eq. (33) and Eq. (35).

5. Result and discussion
5.1. Validation

Table 1. The first nondimensional frequencies of the clamped-free FGM nanobeams

. n=0 n=0.2 n=1 n=10 n=co
H Present [25] Present [25] Present [25] Present [25] Present [25]
0 1.0149 1.0149 1.2791 1.2791 1.5036 1.5036 1.8035 1.8035 1.9533 1.9533
1 1.0147 1.0147 1.2788 1.2788 1.5033 1.5033 1.8031 1.8031 1.9528 1.9528
2 1.0144 1.0144 1.2785 1.2785 1.5029 1.5029 1.8027 1.8027 1.9523 1.9523
3 1.0142 1.0142 1.2782 1.2782 1.5026 1.5026 1.8022 1.8022 1.9519 1.9519
4 1.0140 1.0140 1.2779 1.2779 1.5022 1.5022 1.8018 1.8018 1.9514 1.9514
5 1.0137 1.0137 1.2776 1.2776 1.5019 1.5019 1.8014 1.8014 1.9510 1.9510
The nondimensional forms of the nonlocal 2 )
parameter and natural frequencies are introduced n =(%j A= oL [12p, (36)
for convenience, as follows h h E,
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Table 1 demonstrates the excellent
agreement between the first nondimensional
frequencies of intact FG nanocantilevers computed
by the proposed single-element DSM and those of
Aria and Friswell [25], using 26 elements. For other
boundary conditions, including simply supported
ends, clamped-simply supported ends, and
clamped-clamped ends, similar accuracy is
achieved for the first natural frequency.

Tran & Tran

Furthermore, the proposed formulation effectively
resolves the nonlocal paradox typically
encountered in cantilever nanobeams.

Table 2 demonstrates splendid agreement
between the nondimensional first frequency ratios
of cracked and intact homogeneous beams
obtained in the present study and those reported
by Aydin [47]. The numerical results validate the
accuracy and reliability of the proposed model.

Table 2. The first frequency ratios of the homogeneous beam with a single crack

Cantilever x1/L=0.2 x1/L=0.4 x41/L=0.6
Aydin [47] 0.9906 0.9958 0.9982
Present 0.9928 0.9961 0.9984
Clamped-Clamped x41/L=0.1 x41/L=0.3 x41/L=0.4
Aydin [47] 0.9971 0.9963 0.9943
Present 0.9970 0.9960 0.9940
Simple-Simple x41/L=0.2 x41/L=0.4 x41/L=0.7
Aydin [47] 0.9959 0.9916 0.9985
Present 0.9968 0.9933 0.9991

5.2. Case study

The free vibration behaviour of multiple
cracked multi-span continuous FG nanobeams is
studied in this subsection (Fig. 4). The material
properties are taken as: E=70 GPa, p1=2700
kg/m?3, v4=0.3 for metal phases, and: E,=393 GPa,
p2=3960 kg/m3, v,=0.3 for ceramic phases [41].
The nanobeam was discretized into three elements
connected at the supports, based on the previously
specified geometric dimensions, namely the length
and width.

Fig. 5 presents the change of first seven
frequencies of the intact (solid lines) and multiple
cracked multi-span continuous FG nanobeams
with various nonlocal parameters: n'=0, 2, 4, 6. In
this case, all beams contain either one crack at 2h
from the left node (dashed lines) or two cracks at
2h and 4h (dotted lines), with the depth-to-height
ratio of 0.2 for each crack (a’/h=20%). It is observed
that the presence of cracks and the increase in the
nonlocal parameter both lead to a decrease in the
nondimensional frequencies. Furthermore, the
nonlocal parameter induces greater decreases in

nondimensional frequencies than multiple cracks,
especially in the higher-order modes.

The changes in the first three frequencies of
the intact (solid lines) and cracked (dash lines)
multi-span  continuous FG nanobeam are
presented in Fig. 6, with various nonlocal

parameters: u =0,2,4,6and ratios: 1<E, /E; < 20

. All beams contain a single crack located at 2.5h
from the left node with the ratio a/h=20%. A
pronounced reduction in the natural frequencies is
observed with increasing nonlocal parameter
values, with the effect being amplified at higher
modulus ratios E2/Es. The results reveal that
higher-order modes are more sensitive to
frequency reduction than lower-order modes. On
the contrary, lower-order modes are more sensitive
to crack-induced frequency reductions than higher-
order modes.

The different first three frequencies of the
intact (solid line) and the cracked (dash line) multi-
span continuous FG nanobeam are presented in
Fig. 7, with volume fraction indexes: 0 <n <10 and

various nonlocal parameters: p =0,2,4,6. All
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beams contain a single crack located at 2.5h from
the left node with the ratio a/h=20%. The results
show that increasing values of the nonlocal
parameter lead to a remarkable decrease in the
natural frequencies, especially when the volume
fraction index exceeds 1. Conversely, in the case
of a volume fraction index less than 1, a remarkable

Tran & Tran

increase in the natural frequencies is observed.
Moreover, higher-order nondimensional natural
frequencies experience a greater reduction
compared with lower-order frequencies. On the
contrary, the decrease in lower-order natural
frequencies caused by cracks is greater than that
obtained in higher-order frequencies.

Sh

/1

Fig. 4. A multi-span continuous nanobeam

Intact ;.-.IU
Intact p =2
Intact z =4
~—Intact » =6

ot
w

[#4]

=1 crack p =0

= =1 crack ;:-:2

N
)

=1 crack ;.--:4
= =1 crack ,’J'=6
s cracks g0 =0

2 cracks u'=2

2 cracks ;J'=4

-
on

2 cracks ,-4'=6

Nondimensional frequency
3%

-
T

05

Mode number

Fig. 5. Changes of first seven frequencies of the intact and the multiple cracked multi-span continuous
FG nanobeam under nonlocal parameters: 1'=0, 2, 4, 6.

Fig. 8 illustrates the variations of the first
three frequency ratios of a multi-span continuous
FG nanobeam with a single crack relative to the
intact beam as the crack position varies along the
beam length for: a’/h=10%, a/h=20%, and a/h=30%
at u*=2. When the ratio of crack depth-to-height
increases and the crack is positioned at the mid-
span, a remarkable decrease in the natural
frequencies is observed. Lower-order frequencies
exhibit a more significant reduction compared with
higher-order ones. It is concluded that the lower-
order frequencies exhibit greater sensitivity to the
presence of cracks. Furthermore, the critical points
at which a given natural frequency remains

unaffected by cracks are not influenced by the
nonlocal parameter. The identified critical points
agree well with those reported for homogeneous
and FG macro-scale beams. The critical point
locations are independent of the number of cracks.
Such information is highly beneficial for crack
identification, as it identifies frequencies that are
insensitive to crack presence.

The changes in the first three mode shapes
and their corresponding deviations from the intact
multi-span  continuous FG nanobeam are
illustrated in Fig. 9. Cracks with the same depth-to-
height ratio of 20% are located at x=2h and 3h in
the first and third span, and at x=2h and 4h in the
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second span. Different scenarios are illustrated in
these subfigures: (a) Mode shapes for 1'=0, 2, and
4 (Fig. 9a); (b) Deviations of mode shapes for =0,
2, and 4 (Fig. 9b); (c) Mode shapes for E2/E1=0.1,

1471

Nondimensional frequency #1

Tran & Tran

2, and 10 (Fig. 9c¢); (d) Deviations of mode shapes
for E2/E4=0.1, 2, and 10 (Fig. 9d); (¢) Mode shapes
for n=0, 2, and 10 (Fig. 9e); (f) Deviations of mode
shapes for n=0, 2, and 10 (Fig. 9f).

-

0.6 I Intact ;1.20
Intact jl.=2
Intact 'u.=4
0.4 .
Intact pp =6
= = =Cracked u =0
0.2 = = =Cracked u =2
= = =Cracked ;1.=4
0 L 1 1 i i 1 i ~ = T Cracked _u.=6
2 4 6 8 10 12 14 16 18 20
E./E
(a) 2=+
1.8 ;
Intact p =0
Intact _u.=2
1.6 .
Intact =4
Intact ,u'=6 -
. -
1.4 |= = =Cracked u =0 -
= T T Cracked p =2
1.2 |= = =Cracked js =4
= Cracked _u.

Nondimensional frequency #2

Il 1 Il Il Il ]

(b)

10 12 14 16 18 20
E,/E,

Fig. 6. Changes of the nondimensional frequencies of intact and cracked multi-span continuous FG
nanobeams with nonlocal parameters and ratios of E2/E+: (a) 15t frequency, (b) 2™ frequency, (c) 3™
frequency.
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Fig. 7. Changes in the first three natural frequencies of intact and cracked multi-span continuous FG
nanobeams with various nonlocal parameters and volume fraction indices: (a) 1% frequency, (b) 2"

frequency, (c) 3™ frequency

153



JSTT 2026, 6 (1), 143-160 Tran & Tran

0.9r

0.8

0.7

0.6

0.5

Mondimensional frequency #2

o4 Intact ;2 =0 = = = Cracked ;. =0
0.3 —Intact ,r:,:=2 = = T Cracked ;:,:=2
Intact j« =4 = = = Cracked ;. =4
0.2 . . . |~ Intact ,r:,*=t’:‘- = = ~Cracked ;:,*=E3
0 1 2 3 4 5 6 7 8 9 10
(b)
127

——
——

Mondimensional frequency #3

Intact ;:,*=D = = =Cracked ;:,*=CII
Intact ;:,*=2 = = =~ Cracked ;:,*=2

Intact ;:,*=4 = = = Cracked ;;=4
0.3 i i i | = |ntact Jr;=5 = = = Cracked _|I'I-*=E'
0 1 2 3 L 5 i 7 8 9 10
n

(c)
Fig. 7. (continued)

The results reveal that significant changes in (such as the second mode) compared to symmetric
the mode shapes occur only when the nonlocal ones. The mode shapes exhibit negligible changes
parameter varies. Furthermore, the effect is despite differences in the associated parameters in
considerably stronger on asymmetric mode shapes  all remaining cases. However, identifying crack
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positions directly from the mode shapes remains
challenging. Although discontinuities in the mode
shapes can be observed at the crack locations,
they are often subtle, especially when the ratio a/h
is small. Analysis of mode-shape deviation plots
facilitates accurate identification of crack locations.
Sharp peaks are consistently observed at the crack
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locations, thereby suggesting that crack detection
can be effectively performed using wavelet-based
signal processing techniques. An increase in peak
amplitude with crack depth-to-height ratio enables
reliable evaluation of crack severity using wavelet
coefficients.

6. Conclusions

1
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Fig. 8. Changes in the first three frequency ratios with respect to crack position varying along the
nanobeam, for u'=2 and a/h= 0.1, 0.2, 0.3: (a) 1%t frequency, (b) 2" frequency, (c) 3™ frequency.

The main findings of this work can be
summarized as follows:

A key contribution of this work is the
formulation of a DSM-based model using exact
vibration solutions of multiple cracked FG Euler—
Bernoulli nanobeams. An important advantage of
the proposed model is its ability to eliminate the

nonlocal paradox in cantilever nanobeams.
Furthermore, the DSM-based formulation provides
an efficient and highly accurate framework for
evaluating the free vibration responses of multiple
cracked, multi-span continuous FG nanobeams
while requiring only a very small number of
elements.
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Fig. 9. The variations in the first three mode shapes of the multiple cracked multi-span continuous FG
nanobeam: a) Mode shapes for nonlocal parameters: u'=0, 2, and 4; b) Deviations of mode shapes:
u'=0, 2, and 4; c) Mode shapes for E»/E1=0.1, 2, and 10; d) Deviations of mode shapes for: E2/E1=0.1, 2,
and 10; e) Mode shapes for: n=0, 2, and 10; f) Deviations of mode shapes for: n=0, 2, and 10.
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Compared with material and crack
parameters, the nonlocal parameter has a more
pronounced effect, resulting in a larger decrease in
the natural frequencies. This reduction is
particularly pronounced in higher-order
frequencies. Furthermore, the non-local parameter
markedly influences the mode shapes of cracked
FG nanostructures, and its impact is considerably
stronger for asymmetric mode shapes. The
findings clearly confirm the critical importance of
non-local parameters, which must be rigorously
considered in the vibration analysis of intact and
cracked multi-span continuous FG nanobeams.

The presence of cracks at critical locations
and increasing crack depth-to-height ratio leads to
a pronounced decrease in the natural frequencies.
The reduction is particularly significant for the lower
order natural frequencies. In particular, the
locations of the critical points, where the
frequencies are least sensitive to cracks, are
independent of the nonlocal parameter. The
locations of critical points are consistent with those
previously identified in homogeneous and FG
macrobeam structures. Moreover, their positions
remain unchanged regardless of the number of
cracks. This observation is especially important for
crack identification, since it establishes
dependable reference positions where selected
natural frequencies remain essentially invariant.

Direct identification of crack locations based
solely on mode shapes remains difficult, especially
for small crack depth-to-height ratios.
Nevertheless, analysis of mode-shape deviation
plots provides an effective means for detecting
crack locations. Sharp localized peaks are
consistently observed at crack locations in the
graphs, providing a reliable basis for crack
detection via wavelet transform analysis. It is also
observed that deeper cracks generate higher peak
amplitudes, which can be exploited as a robust
metric for assessing crack depth via wavelet-based
coefficients.

The results demonstrate that these effects
have a significant impact on the dynamic behavior

Tran & Tran

of cracked FG nanostructures. The proposed

framework is readily extendable to more

sophisticated cases, such as three-dimensional

nanostructures under diverse boundary conditions.
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