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Abstract: Continuum robots, characterized by their hyper-redundant and 

flexible structures, have gained significant attention in fields such as minimally 

invasive surgery, remote inspection, and soft manipulation. Their complex 

design and highly nonlinear kinematic behavior present substantial modeling 

and control challenges. This paper presents a complete framework 

encompassing the design, modeling, and inverse kinematics solution for a 

novel two-segment, tendon-driven continuum robot utilizing an elastic spring 

backbone for enhanced compliance and structural simplicity. A constant 

curvature forward kinematic model is presented. Subsequently, an efficient 

numerical approach for solving the challenging inverse kinematics problem is 

introduced by adapting the Jacobian-based Newton-Raphson method and 

incorporating the Moore-Penrose Pseudoinverse. This strategy effectively 

manages the robot's redundancy, ensuring smooth and reliable trajectory 

generation. Experimental verification confirms the robot's feasibility, 

demonstrating that the system successfully navigates along the trajectories 

computed by the inverse kinematics, thus validating the reasonableness of the 

kinematic model and ensuring seamless and smooth operation. These findings 

provide a robust foundation for improving motion planning of simple continuum 

robot platforms in practical applications. 

Keywords: Tendon-driven systems, continuum robots, robot kinematics. 

 

 

1. Introduction 

Continuum robots, often referred to as hyper-

redundant manipulators, represent a paradigm 

shift from traditional discrete-jointed robotic 

systems, drawing inspiration from biological 

structures such as the elephant trunk, octopus 

limbs, and snake locomotion [1], [2], [3]. These 

systems are characterized by their continuous 

backbone, theoretically possessing infinite 

degrees of freedom (DOFs), which grants them 

exceptional flexibility and high dexterity, allowing 

them to navigate through highly cluttered or 

confined environments [4], [5]. This unique 

capability has positioned continuum robots as 

indispensable tools across several demanding 

applications. In medicine, they are crucial for 

minimally invasive surgery (MIS) [6], [7], [8], [9] and 

specific tasks where small diameters and inherent 

compliance are critical [10]. Beyond the clinical 

context, their ability to traverse complex spaces 

has proven valuable in urban search and rescue 

following disasters [11], while other designs, like 

the vine robots [12], offer novel approaches to 

exploration and environmental interaction. The 
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core challenge in utilizing these highly adaptable 

systems lies in accurately modeling their complex 

shape changes and developing robust solutions for 

control. 

The mechanical realization of continuum 

robots has evolved considerably since early 

conceptual designs [13], [14], primarily categorized 

by their actuation mechanism. Tendon-driven 

(cable-driven) robots are a foundational design, 

where actuation cables routed through the robot's 

body control its bending via differential tension, a 

concept extensively explored in early continuum 

robot implementations [2], [13]. Subsequent 

research has led to more specialized structures to 

meet application demands. concentric tube robots 

(CTRs) utilize nested, pre-curved elastic tubes that 

rotate and translate relative to one another to 

control the overall shape [15], and their mechanics 

and calibration are particularly complex [16]. 

Another significant avenue involves incorporating 

extensible sections within the robot's body, which 

adds axial movement to the bending capability, 

complicating the modeling but increasing dexterity 

and access range [2], [17]. Regardless of the 

actuation method (tendon, pneumatic, or 

telescoping tubes), a critical area of investigation 

remains the comprehensive modeling of statics 

and dynamics, especially considering the influence 

of friction, external loads, and gravitational effects 

on the continuous body structure [5], [18]. 

The kinematic modeling of continuum robots 

is essential for predicting the end-effector pose 

based on actuator inputs. Due to the hyper-

redundancy and inherent flexibility, this process 

requires careful simplification. The constant 

curvature (CC) model is the most prevalent 

approach, simplifying the robot's curvature into a 

series of circular arcs for each segment [7], [10], 

[19]. This model offers simple analytical solutions, 

making it highly suitable for real-time control. 

However, for applications requiring higher 

accuracy or when significant external forces are 

present, more rigorous methods are necessary. 

The piecewise constant curvature (PCC) 

approximation extends the CC model by dividing 

the continuum backbone into smaller segments 

[20]. Beyond these approximations, researchers 

have successfully applied Modal Kinematics, first 

proposed by Chirikjian and Burdick, which uses a 

finite set of shape functions (or modes) to 

represent the robot's configuration [17], [12], [21]. 

For true physical fidelity, the Cosserat Rod Theory 

provides a continuum mechanics-based approach 

that rigorously accounts for bending, torsion, and 

shear, essential for analyzing the elastic stability 

and behavior of robots under loading [8], [22], [23], 

[24], particularly for multi-backbone systems. 

Solving the inverse kinematics problem, 

determining the necessary actuator commands to 

achieve a desired end-effector position and 

orientation, is notoriously difficult for hyper-

redundant systems [25], [26]. Due to the nonlinear 

relationship between actuator space and task 

space, the most widely adopted solutions are 

numerical and iterative. Jacobian-based methods 

are the standard, utilizing the robot's geometric 

Jacobian to compute the instantaneous 

relationship between joint and end-effector 

velocities [27]. While Jacobian methods are robust, 

non-analytical solutions, such as the FABRIKx 

algorithm, are also being explored to tackle the 

complexity of variable curvature robots [28]. 

Finally, the realization of accurate, repeatable 

motion necessitates transitioning from open-loop 

control to closed-loop control [20]. This requires 

robust kinematic calibration and effective sensor 

integration to address modeling errors and 

unmodeled effects, such as friction, coupling, and 

backlash, which are significant in tendon-driven 

systems [24], [29], [30], [31], [32]. Furthermore, 

sensing capabilities, including the use of intrinsic 

force sensing, is critical for real-world interaction 

and control [11]. 

Building upon established literature, this 

paper presents a comprehensive framework for the 

design, modeling, and control of a two-segment 

continuum robot. The primary contributions include 

the mechanical design, which utilizes an elastic 
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spring backbone for inherent compliance and 

simplified assembly, and an efficient kinematic 

modeling approach. The robot design is open-

source and available at: 

https://github.com/lacduong/ContinuumRobot. 

Crucially, the inverse kinematics solution employs 

the Newton-Raphson method combined with the 

Moore-Penrose pseudoinverse to handle 

redundancy, ensure high reliability, and generate 

smooth trajectories. The efficacy of this framework 

is validated experimentally, demonstrating strong 

consistency between the calculated trajectories 

and the robot’s actual motion.  

The remainder of the paper is organized as 

follows: Section 2 details the mechanical design; 

Section 3 develops the kinematic model; Section 4 

presents the inverse kinematics solution; Section 5 

provides experimental validation and discusses the 

limitations; and Section 6 concludes the paper and 

outlines future work. 

2. Design 

Configuration selection is a critical aspect of 

robot design. A three-tendon configuration was 

chosen over a four-tendon design due to its cost 

efficiency, simplified control, and reduced weight. 

The robot’s backbone is constructed using elastic 

springs, selected for their availability, ease of 

fabrication, and ability to meet the required 

elasticity specifications. 

Each segment bends smoothly under 

controlled cable tension, with flexible joints 

maintaining continuous curvature. The tendons are 

routed through holes in dividing plates and 

anchored at the base, where servo motors regulate 

their tension. To ensure efficient force transmission 

and precise bending control, lubricants are applied 

at each hole to minimize friction. The design 

prioritizes simplicity and dexterity, making it ideal 

for tasks requiring high flexibility without axial 

elongation or torsion resistance. The robot consists 

of two 155 mm segments, each divided into five 

flexible sections. Each segment is actuated by 

three tension cables symmetrically arranged 

around a central axis. These cables pass through 

holes positioned 22 mm from the center of 50 mm 

diameter circular plates, which guide the cables 

and separate the segments. Fig. 1 illustrates the 

complete design, including the segmented plate 

structure, with its parameters listed in Table 1. Each 

segment is controlled by three servo motors, with 

each motor adjusting the length of a single cable to 

achieve the desired bending motion. 

 
Fig. 1. (a) 3D design model (b) Real robot 

https://github.com/lacduong/ContinuumRobot
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Table 1. Robot Parameters 

Parameter Value Units 

Total mass 527.04 g 

Mass of each segment 37.6 g 

Pulley mass 7.2 g 

Length of each segment 155 mm 

Spring wire diameter 0.8 mm 

Bending limit angle [0, 90] ° 

Rotation angle limit [0, 360] ° 

3. Kinematics Modeling 

Modeling tendon-driven robots (TDRs) is an 

important and rapidly growing area of research [6], 

[13], [17], [32]. Unlike rigid robots (RRs), which 

primarily rely on joint variables to define their 

configuration, the behavior of soft robots (SRs) 

including TDRs is significantly influenced by the 

elasticity of their materials. Early modeling 

approaches were often complex and required 

strong simplifying assumptions to remain 

analytically tractable. One widely adopted method 

is the constant curvature assumption, which 

simplifies kinematic analysis by representing the 

robot’s shape as a circular arc, defined using arc 

parameters. In our approach, as illustrated in Fig. 

2, we first present the transformation from an 

intermediate parameter space defined by k, 𝜙, and 

𝑙 (or more compactly, 𝜃 and 𝜙, due to the 

interdependence among k, 𝑙, and 𝜃, with the 

relation k=
1

r
, leading to 𝜃 =

𝑙

𝑟
= 𝑙𝑘) to the 

workspace. Next, we rigorously derive the 

relationship between the arc parameters θ and 𝜙, 

and the tendon lengths. This mapping forms the 

foundation for controlling the end-effector position 

via tendon actuation. Descriptions of the remaining 

symbols can be found in Table 2.  

In this study, the constant curvature 

assumption is employed to develop a simplified 

kinematic model, focusing on angular parameters 

for subsequent calculations. This approach not 

only reduces computational complexity but also 

benefits from the mathematical convenience 

introduced by the assumption. The homogeneous 

transformation matrix of a segment is defined as: 

T= [
Rz(ϕ) 0
0 1

] [
Ry(θ) p

0 1
] (1) 

The result of the transformation (1) is

Table 2. Notation and Definition 

Symbol Units Definition 

k mm-1 Robot curvature 

𝜙 rad Robot twist angle around z-axis 

𝜃 rad Robot bending angle around y-axis 

r mm Robot curvature radius 

𝑙 mm The initial length of each tendon 

𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 mm The coordinates of the end point of the segment i 
 

T= [

cosϕ cos θ - sinϕ cosϕ sin θ r cosϕ (1- cos θ)

sinϕ cos θ cosϕ sinϕ sin θ r sinϕ (1- cos θ)
- sin θ 0 cos θ r sin θ
0 0 0 1

] (2) 

Thus, homogeneous transformation matrices 

are employed to calculate the endpoint coordinates 

of a segment, as follows 
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[

xE
yE
zE
] = [

r cosϕ (1 − cos θ)
r sinϕ (1 − cos θ)

r sin θ

] (3) 

The forward kinematics equation (3) results 

in 

{
 
 
 

 
 
 ϕ = tan−1

yE
xE

β = tan−1
√yE2 + xE2

zE

θ = {

2β (if zE > 0)
π (if zE = 0)

2π + 2β (if zE < 0)

 (4) 

Fig. 3 illustrates the transformation from the 

intermediate space to the tendon length. Based on 

this representation, the relationship can be derived 

as follows: 

ri = r − d cos αi (5) 

where αi is the angle formed between tendon i and 

a straight line connecting the center of the base to 

the center of the top plate, as shown in Fig. 3. The 

subscript i denotes the index of the tendon. 

Multiplying both sides of (5) by the angle θ, we 

obtain: 

𝑙𝑖 = 𝑙 − 𝑑𝜃 𝑐𝑜𝑠 𝛼𝑖 (6) 
 

 

 

Fig 2. (a) Geometric representation of a continuum robot segment, showing its arc and bending 

configuration. (b) Diagram depicting the mapping from actuation space to intermediate space, and 

subsequently to working space 

 
 

Fig. 3. Representation of parameters in the transformation from intermediate space to tendon length. (a) 

Isometric view of a bent segment. (b) Top view. 
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Due to the design, the angles are offset by 

π/3, so the corresponding angles αi are: 

{
 
 

 
 α1 =

π

2
− ϕ

α2 =
7π

6
− ϕ

α3 =
11π

6
− ϕ

 (7) 

Substituting the values from (7) into (6), we 

obtain the tendon length 𝑙𝑖. As shown in Fig. 4, the 

variation in tendon lengths is determined by 

adjusting the servo rotation angles according to 

𝑙 − 𝑙𝑖 = 𝑅𝛾𝑖 (8) 

where R denotes the radius of the flywheel, and γi 

represents to the rotation angle of the servo motor; 

𝑙 is the initial cable length, while 𝑙𝑖 is the cable 

length after the motor has rotated by an angle γi.  

 
Fig. 4. The actuation mechanism of a tendon 

 

Fig. 5. Two-segment continuum robot 

configuration 

The coordinates of the endpoint of the first 

segment is 

[

x1
y1
z1
] = [

r cosϕ1 (1 − cos θ1)
r sinϕ1 (1 − cos θ1)

r sin θ1

] (9) 

The coordinates of the endpoint of the 

second segment are determined as 0T2 = 0T1
1T2. 

Substituting the angular variable values as shown 

in Fig. 5, and after simplification, the final impact 

point coordinates are obtained: (10) 

[

x2
y2
z2
] = 

[
 
 
 
 
x1 + r2cosϕ1sinθ1sinθ2 +r2sinϕ1sinϕ2(cosθ2 - 1) 
- r2cosϕ1cosϕ2cosθ1(cosθ2 - 1)

y1 + r2sinϕ1sinθ1sinθ2 - r2cosϕ1sinϕ2(cosθ2 - 1) 
- r2cosϕ2cosθ1sinϕ1(cosθ2 - 1)
z1 + r2cosθ1sinθ2 + r2cosϕ2sinθ1(cosθ2 - 1) ]

 
 
 
 

 

4. Inverse Kinematics 

Solving the kinematics problem of robotic 

manipulators, especially those with compliant or 

redundant structures like continuum robots, 

typically involves addressing a set of highly 

nonlinear equations. The inherent redundancy in 

continuum robots, where the number of 

configuration angles (𝐗 = [ϕ1 θ1 ϕ2 θ2]T) 

exceeds the number of required task-space 

variables (𝐩E
d = [x2, y2, z2]

T) means that a unique 

solution does not exist. To manage this challenge 

and find a practical, accurate solution, this study 

customized the traditional Newton-Raphson 

method and incorporated the Moore-Penrose 

inverse. This hybrid approach provides accurate 

approximations and reliable simulation results for 

determining the robot's configuration. 

Given the desired end-effector pose 𝐩E
d, the 

inverse kinematics problem, which relates the task 

space to the joint space, derived from equation 

(10), can be fundamentally formulated as: 

𝐩E
d = 𝐟(𝐗) = [

f1(𝐗)

f2(𝐗)

f3(𝐗)
] (11) 

The primary mathematical challenge in 

solving (11) is the aforementioned redundancy, 

where the system is underdetermined. The core 

idea behind using the iterative Newton-Raphson 
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method is to linearize the function 𝐟(𝐗) around a 

current estimate 𝐗k and iteratively refine the 

solution to minimize the error between the desired 

pose and the current forward kinematics solution. 

The proposed computational formula, which 

incorporates the Jacobian's pseudoinverse to 

handle the redundancy, can be expressed in an 

iterative form as: 

𝐗k+1 = 𝐗k + 𝐉
†(𝐗k)(𝐩E

d − 𝐟(𝐗k)) (12) 

Here, 𝐉† is the Moore-Penrose inverse (or 

pseudoinverse) of the Jacobian matrix 𝐉. The 

pseudoinverse plays a crucial role as it provides 

the minimum norm solution in the sense of least 

squares, effectively selecting the joint-space 

velocity solution (Δ𝐗) that has the smallest 

magnitude, which is physically desirable for stable 

robot motion. The Jacobian of the forward 

kinematics function is formally defined as: 

𝑱 =
∂𝒇

∂𝑿
=

[
 
 
 
 
 
 
𝜕𝑓1
𝜕𝜙1

𝜕𝑓1
𝜕𝜃1

𝜕𝑓1
𝜕𝜙2

𝜕𝑓1
𝜕𝜃2

𝜕𝑓2
𝜕𝜙1

𝜕𝑓2
𝜕𝜃1

𝜕𝑓2
𝜕𝜙2

𝜕𝑓2
𝜕𝜃2

𝜕𝑓3
𝜕𝜙1

𝜕𝑓3
𝜕𝜃1

𝜕𝑓3
𝜕𝜙2

𝜕𝑓3
𝜕𝜃2]

 
 
 
 
 
 

 (13) 

The complete inverse kinematics algorithm is 

implemented using the iterative process defined by 

equation (12) as follows: 

Input: The desired end-effector pose 𝒑𝐸
d 

Output: Configuration angles 𝑿 

Step 1: Initialize the iteration: Set the iteration 

counter k = 0, choose an initial guess 𝐗0, define 

the maximum number of iterations N, and set the 

convergence tolerance ϵ. 

Step 2: Execute the iterative loop for k = 0, 1, 

…, N-1: 

(a) Compute the Moore-Penrose inverse 

𝑱†(𝑿𝑘)and the current end-effector pose 𝒇(𝑿𝑘) at 

the current configuration 𝑿𝑘. 

(b) Update the configuration angles using the 

difference between the desired and current pose, 

scaled by the pseudoinverse (12).       

(c) Check convergence by evaluating the 

error magnitude: If ‖𝒑𝐸
𝑑 − 𝒇(𝑿𝑘+1)‖ <  𝜖, the 

solution has converged, and the process is 

terminated. 

The choice of the initial condition 𝑿0 is vital 

for ensuring both rapid convergence and the 

physical plausibility of the resulting robot 

configuration. When the robot is following a 

trajectory, a series of desired endpoints 𝒑𝐸
𝑑(𝑡𝑛) over 

time, it is critical to maintain smooth movement. 

This is achieved by using the solution from the 

previous time step as the initial guess for the 

current step: 𝑿0(𝑡𝑛+1) = 𝑿(𝑡𝑛). This methodology 

ensures that the robot's configuration at time 𝑡𝑛+1 

is minimally perturbed from its configuration at 𝑡𝑛. 

Consequently, the iterative calculation converges 

quickly in a few iterations, and the physical robot 

executes smooth, continuous motion. 

For this study, the convergence tolerance  𝜖 

was set to a high precision of 10−6, though this 

value is adjustable based on the required 

application accuracy. The maximum number of 

iterations N was conservatively chosen as 100. To 

validate the proposed inverse kinematics method, 

the robot's resulting shape was examined for a 

specific target point in the workspace. The desired 

endpoint was set at the spatial coordinate 𝒑𝐸
𝑑 =

(100,−100, 230)𝑇 mm, as visually depicted in the 

simulation results in Fig. 6.  

 

Fig. 6. (a) Simulated shape of the robot, (b) actual 

performance on the real robot 

The converged solution for the configuration 

angles vector yielded the values: ϕ1 = 5.8336, 𝜃1 = 
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0.3105, ϕ2 = 5.7595, 𝜃2= 1.4306. These joint 

angles subsequently translated into the following 

motor angles necessary for physical actuation: 𝛾1 

= 83°, 𝛾2 = 81°, 𝛾3 = 105°, 𝛾4 = 32°, 𝛾5 = 85°, and 

𝛾6 = 154°. The successful and precise 

convergence to this target point validates the 

robustness and accuracy of the inverse kinematics 

approach based on the customized Newton-

Raphson method with the Moore-Penrose inverse. 

5. Simulations and Experiments 

This section serves to verify the 

computational capability of the proposed inverse 

kinematics algorithm against complex trajectories 

and to validate the model's reliability through 

comparison with the robot’s actual physical 

operation. To test the algorithm’s reliability in 

motion planning, the robot's movement was 

simulated along two fundamental paths. Fig. 7(a) 

and (b) illustrate the robot’s motion along straight 

and circular paths, respectively, demonstrating that 

the robot’s configuration transitions seamlessly at 

every point. This outcome successfully indicates 

the algorithm's ability to calculate the required 

sequence of joint configurations, allowing the robot 

to follow predefined trajectories smoothly and 

accurately.  

Furthermore, to validate the model's 

correspondence with reality, Fig. 8 presents the 

correlation results between the simulation and the 

real robot’s performance as it traverses a straight 

line from point A(201, 139, 104) mm to point B(228, 

-68, 104) mm across the time interval t = 0, 0.2, … 

1 (s). The visual and quantitative comparison 

confirms that the robot’s configuration, both in 

calculation and experimental testing, is highly 

similar, thereby confirming the reliability and fidelity 

of the proposed inverse kinematics method for 

continuum robots. 

However, it is crucial to note the current 

limitations in control. The primary scope of this 

research has been strictly focused on the design of 

the continuum robot and the resolution of the 

Inverse Kinematics problem. Consequently, the 

current assessment of the robot's ability to execute 

calculated configurations is primarily qualitative. 

The robot operates in an open-loop manner, relying 

entirely on the pre-calculated joint commands 

derived from the kinematic model. This setup 

currently lacks external feedback sensors, 

meaning it cannot automatically compensate for 

positional errors arising from complex physical 

effects such as cable slack, material compliance, 

friction, or external loading. The accuracy of the 

motion is thus solely dependent on the accuracy of 

the underlying kinematic model. 
 

 

 

Fig. 7. Simulated results, (a) Straight-line trajectory, (b) Circular trajectory 
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Fig. 8. Comparing the motion of the simulated and real robot while moving along the straight-line 

trajectory 

To fully transition this work from a successful 

kinematic analysis to a practical, high-precision 

robotic system, future research must address 

closed-loop control. This will involve integrating 

sensing technologies such as Fiber Bragg Grating 

(FBG) sensors along the backbone to enable real-

time shape sensing, or utilizing vision-based 

systems to track the end-effector's actual position. 

Incorporating these sensors will allow for the 

development of robust Jacobian-based kinematic 

control strategies and eventually, the inclusion of 

dynamic models to handle disturbances. This 

transition to sensor-integrated control will 

significantly enhance the robot's precision, 

adaptability, and ultimate utility in complex 

application environments. 

6. Conclusion 

This study successfully presented the 

design, kinematic modeling, and inverse 

kinematics solution for a continuum robot. The key 

technical achievement was the application of the 

Newton-Raphson method with the Moore-Penrose 

inverse to solve the inherent redundancy. 

Simulations and experiments validated the model's 

efficiency, confirming the robot's ability to follow 

trajectories smoothly and reliably. However, the 

current open-loop control necessitates a transition 

to high-precision closed-loop control. Future work 

will focus on integrating a feedback system using 

Fiber Bragg Grating (FBG) sensors and image 

processing for real-time shape sensing, end-

effector localization, and obstacle avoidance. 

Simultaneously, we will pursue design 

optimization, including structural configurations, 

materials, and parameter tuning and investigate 

modular designs to enhance scalability and overall 

robot performance. 
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