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Abstract: This paper presents an analytical investigation into the nonlinear
stability of functionally graded carbon nanotube-reinforced composite (FG-
CNTRC) toroidal shell segments with piezoelectric layers and generalized
curvature subjected to external pressure. The analysis incorporates several
typical meridian shapes, including circular, parabolic, and half-sinusoid
geometries. The paper uses Donnell shell theory (DST), combined with von
Karman geometric nonlinearity and an improved Lekhnitskii smeared stiffener
technique to study the behavior of stiffened spiral or orthogonal FG-CNTRC
shells. The carbon nanotube (CNT) distributions in the shells and stiffeners are
designed to satisfy material continuity conditions. Thermal effects and elastic
foundation interactions are also incorporated into the analysis, providing a
comprehensive framework for understanding their influence on structural
stability. To examine large deformation behavior, three-term deflection
functions fulfilling the simply supported boundary conditions are adopted,
whereas the Ritz energy approach is utilized to derive the load-deflection
relationship under external pressure. The numerical results indicate that the
critical buckling loads and postbuckling responses are significantly affected by
the spiral stiffener system, elastic foundation, temperature variations, and CNT
distributions.

Keywords: Functionally graded carbon nanotube-reinforced composite,
Toroidal shell segment, Ritz energy method, Spiral stiffeners, Generalized
meridional curvature.

1. Introduction

Toroidal shell

segments
Cylindrical shells (C-Shs) are widely used in
various fields, including mechanical, aerospace,

and civil engineering, due to their excellent load-

(T-Ss) and bearing capacity. In mechanical and industrial
engineering, T-Ss and C-Shs are commonly

employed in the fabrication of high-pressure
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vessels for liquids and compressed gases. Due to
their wide range of applications, from mechanical
components to large-scale construction projects,
researchers have conducted continuous in-depth
investigations into the postbuckling behavior of T-
Ss and C-Sh under various types of loads.

In Hutchinson’s study [1], Koiter’'s general
theory was employed to investigate the initial
postbuckling response of double-curvature shell
segments under different loading conditions. The
study showed that both the postbuckling behavior
and its imperfection sensitivity are highly
dependent on the two principal radii of curvature.
Ali and Hasan [2] used the Galerkin approach to
study the vibration behavior of a functionally
graded orthotropic T-Ss, such as concave and
convex shell segments, at large amplitudes. Bich
et al. [3], Ninh et al. [4], and Thang and Trung [5]
investigated the effects of orthogonal stiffener
systems arranged on the outer surface of
functionally graded material (FGM) T-Ss under
various mechanical loadings, including torsion,
compression, pressure, and
hydrostatic pressure. The results indicated that
stiffeners greatly improve the stability and load-
bearing capacity, while significantly affecting the
nonlinear dynamic buckling response of the FGM
T-Ss. The stability and vibration of the FGM C-Sh
under linearly increasing dynamic torsional loading
were studied and investigated by Sofiyev and
Schnack [6], Sofiyev and Kuruoglu [7], and Najafov
et al. [8]. Overall, these three studies provided a
comprehensive  theoretical framework  for
understanding the torsional vibration and stability
behavior of FGM C-Shs under various mechanical
and foundation conditions. By using analytical
approaches based on the Galerkin method and
Pasternak-type elastic foundation models, the
authors demonstrated how material distribution
laws, orthotropic properties, and foundation
stiffness significantly affect the dynamic response
and critical torsional load. Comparison between the
effects of spiral and orthogonal stiffeners in FGM

axial external
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C-Shs subjected to torsional and external pressure
loading was carried out by Phuong et al. [9] and
Nam et al. [10,11]. The common point of these
studies is the stiffener system arranged inside the
C-Sh, and the investigated results confirmed that
spiral stiffeners increase the stability and critical
loads of the C-Shs more than orthogonal stiffeners.

Graphene-reinforced composites (GRCs)
have attracted considerable attention owing to their
outstanding mechanical, thermal, and electrical
performance. A large number of studies have
investigated the static buckling behavior of
functionally graded graphene-reinforced
composites (FG-GRCs). Moreover, extensive
research efforts have been devoted to exploring
the mechanical responses of GRC-based
structural elements, such as FG-GRC C-Shs and
conical shells [12,13], FG-GRC beams and plates
[14-18]. The postbuckling behavior and nonlinear
dynamic response of sandwich FG-GRC C-Shs
under external pressure and low-velocity impact
were investigated by Chong Li et al. [19,20]. In
these studies, the GRC facesheets were designed
to provide the sandwich C-Shs with functionally
graded configurations, and 3D double-V meta-
lattices were adopted to accommodate the
curvature variation of the sandwich shell.
Anisotropic FG-GRC stiffeners used to reinforce
FG-GRC structures were also investigated by
Doan et al. [21,22], Nam et al. [23—-25], and Phuong
et al. [26,27]. In these studies, the stiffener system
was designed so that the volume fraction of
graphene at the interface layer between the shell
and stiffener was identical, satisfying the
functionally graded distribution law.

Carbon nanotubes (CNT) have exceptionally
high mechanical strength and stiffness, with
outstanding electrical and thermal conductivity.
These superior attributes make CNTs ideal
reinforcement candidates for advanced
composites, with potential applications extending
from microelectromechanical systems to
aerospace engineering [28]. Following the concept
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of FGM, functionally graded carbon nanotube-
reinforced composite (FG-CNTRC) structures are
designed with CNT volume fractions that are either
uniform or linearly change through the thickness.
Postbuckling of FG-CNTRC C-Shs under external
pressure and axial compression was studied by
Shen [29,30]. Following the pioneering work of
Shen [31], numerous studies on the buckling and
postbuckling behaviors of FG-CNTRC plates and
panels were conducted and published by various
research groups. Among them, Kiani [32-34]
carried out extensive investigations on FG-CNTRC
plates subjected to different loading conditions,
including thermal and parabolic mechanical loads.
Ansari et al. [35] employed a novel numerical
variational method to analyze the buckling
behavior of FG-CNTRC conical panels under axial
loading. By applying the Galerkin procedure, Hieu
and Tung [36-38] studied the buckling and
postbuckling behaviors of FG-CNTRC T-Ss
subjected to uniform external pressure and
thermomechanical loadings. Nam et al. [39] used
DST to study C-Shs reinforced by CNT arranged in
two orthogonal directions.

The aim of this paper is to study the effect of
spiral stiffener system on the postbuckling
responses of FG-CNTRC T-Ss with piezoelectric
layers and generalized curvature under external
pressure in thermal environment. The CNT volume
fractions are distributed according to the UD, FG-
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X, FG-0, FG-A, and FG-V patterns across the shell
thickness. The temperature-dependent thermo-
mechanical properties of the FG-CNTRC are
evaluated using the extended rule of mixtures
model. The governing equations for FG-CNTRC T-
Ss subjected to external pressure are formulated
based on Donnell’s shell theory combined with the
von Karman-type nonlinear strain-displacement
relations, while also accounting for thermal effects.
The governing equations are solved by employing
the Ritz method, through which the critical loads
and postbuckling response curves of the FG-
CNTRC T-Ss are obtained.

2. T-Ss with piezoelectric
generalized meridional curvature

layers and

The T-Ss considered in this study have a
thickness h, alength L, and a meridional radius of
curvature a, as shown in Fig. 1. A piezoelectric
layer is attached to the outer surface of shells with
a thickness of h . The shell meridian is examined

in three typical configurations as circular, parabolic,

and half-sinusoid shapes. The corresponding

meridian equations for the parabolic and half-

sinusoid T-Ss shells are defined as follows:
4Hx (L - x)

X) = lpar = L2 ’

f

Fig. 1. Configurations of orthogonal and spiral stiffened FG-CNTRC T-Ss
with generalized meridional curvature

The T-Ss are reinforced by either spiral or

orthogonal stiffener systems, with the same

geometrical parameters; bg,hg,ds are denoted the

width, height, and distance of stiffeners,
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respectively. The numbers of stiffeners along the
meridional and circumferential directions are
represented by ng and ng. In the case of spiral

stiffeners, the number of stiffeners ng, and the
stiffener angle 0 are related together using the
expression 0 =arccos(dgng, /2ar).

The T-S is assumed to rest on a Pasternak-
type elastic foundation, and the coordinate system

D.T.K. My et al

used for the analysis is shown in Fig. 2. Both the
shell and stiffeners are fabricated of CNTRC
material. In this composite system, CNTs are
embedded into the matrix phase either in a
uniformly distributed (UD) pattern or in functionally
graded (FG) patterns with specific distribution
types, namely, FG-V, FG-A, FG-0O, and FG-X.

The volume fractions V., for five types of

CNT distribution are assumed as

LK
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FG-A shell - FG-V stiffener

Fig. 2. Coordinate system, geometrical properties, and CNT distribution of the T-Ss
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Vinrs —23232 (UD)

Vi @] —ESZSE (FG-X)
Venr =1 Vanr 2—@} —ESZSE (FG-0) (2)

Vi —%HJ, —ggzsg (FG-V)

Vi %Hj, _hpch (FG-A)

To correspond with the CNT distributive law
of the shell, the CNT volume fraction of the stiffener
is assumed to follow linear functions as follows:

VCNT =

\ h h
Vo, —<z<—+h.(UD
CNT 2 2 S( )
. |-4z+2h. +2h h h
Venr TS‘ > <z< §+hS (FG-X)
. 4z-2h,-2h|) h h (3)
Venr | 2- h—:UE <z< §+hs (FG-O)
. [=2z+h h h
Venr h. +2], ES zs§+hS (FG-V)
. [2z-h h h
Vinr - J 5823 §+hs (FG-A)
where
. w
Venr = o C;T , 4)
pCNT —Wenr pCNT + Wenr

in which w; is the mass fraction of CNTs in the
CNTRC shell, and p.,; and p, are the densities
of the CNTs and matrix, respectively.

According to the extended rule of mixture, the
effective Young’s moduli and shear modulus can be
expressed as [29,30]

m, Vi N Venr Ms _ Va 4 Vonr

E, E" E3'" G, G" Gy (5)
Ei=VaE" + n1VCNTE1C1NT’
where in the above equations, ES",ES)T, and

G;)Tare the  Young's  modulus  and
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shear modulus of single walled CNTs, respectively.
Besides, E™ and G™ are Young's modulus and
shear modulus, respectively, of the isotropic matrix.
The coefficients n;(j=12,3) are known as the

CNT efficiency parameters [29,30].
In addition, V,;and V_ are the volume

fractions of the CNT and the matrix, which satisfy
the relationship of V. +V, =1.

The coefficients of thermal expansion and
Poisson ratio of the CNTRC have the forms [29,30]
Oy = OL§:1NTVCNT +a"V,

Oy = (1 + V::z'\‘T)a(z:zNTVCNT

(6)

m m

+Vm(1+v )oc — Oly4Vyps
_\/" CNT m
Vig =VenrVie + Vv',

CNT _ CNT

where o, ,a,, and o™ are thermal expansion

CNT

coefficients, and vy, , v"are Poisson’s ratios,

respectively, of the CNT and matrix

The characteristics of the piezoelectric layer
are considered to be temperature-dependent, and
determined by
E11P = E110 + AT-E111-E110’
G12P = G120 + AT-G121-G1207
_ (7)
Uoppp = (1 + AToly, )azzo’
Qyp = (1 + ATa111)OL110,
where E,5,E 11, G0, Giaps Oyggr Olygqy Oyggs OLyypy Are the

input parameters of the piezoelectric layer, and can
be taken by Shen [40].

For the T-Ss, the radius in the curved
direction is R, . In the case of parabolic and half-

sinusoid T-Ss, the radii in the curved direction can
be determined from Eq. (1) respectively, as

1L +18(12 + 4x2 —aLx)He |
R =5 HL* !

1 [ n2H 2x .
SR s PN 2.3 TRTY LV
ZLH| 2 L

(2]
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3. Formulations

According to DST, the components of the
strain field on an arbitrary point of the shell may be
obtained in terms of those that belong to the mid-
surface of the shell [39]
€1y = 8oy —2ZW 4
€y =&y —ZW \, 9)
Viz = Voxy — 2ZW
where

(W) w

——, g, =V, +

o = U, + oy ¥ —2

o 2 R
Yo = Vi TU, +W W,

w
~a’ (10)

with u,v,w are the displacement components in
X,y and z directions, respectively.
The deformation compatibility equation is

obtained from Eq. (10) as follows:
w

XX

2
8Ox,yy ~Yoxy,xy + 8Oy,xx = (W,xy) - a

w (11)
"R W W,
The stress-strain Hooke law for the
unstiffened shells is used in orthotropic form, as
G4 Q, Q, 0 |l&g;-x
Cp |=|Qp Qp O € Ky |, (12)
Gz 0 0 Qg Y12
d31 d32
where «, =| o AT +—=V, |k, =| a, AT + ==V,
hP hp
and AT is the temperature change with respect to
a reference thermal state. V, is the electric voltage,

dy; =d;; =2.54x10™°mV" and Q; are the

reduced stiffnesses, presented for the piezoelectric
layer as
Eip veE

,Q — P=11P ,
1-v2 ™ 1-VE

Qgep = Gizp (13)

and for the FG-CNTRC layer
E11 E22

—,
1=v,Va 1= vi,Va

Q11P = Q22P =

Q11SH =

’Q22SH =
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v,.E
A’QGGSH = G123H’ (14)

Q12SH = 1—v.v
12V 21

The forces and moments of stiffened FG-

CNTRC T-Ss can be obtained by summing the

stiffnesses of shell and stiffeners; the general forms
are presented as

N" Z11 Z12 0 Y11 Y12 0
NV 221 Z22 0 Y21 Y22 0
ny _ 0 0 Z, O 0 Y y
M, Yy Y, 0 Dy D, O
My Yoo Y, 0 D, Dy O
Mxy 0 0 Y, O 0 D
(13)
€ox cD1x
€oy q)1y
yOxy 0
+ )
_W,xx CDZX
-W,, CI)2y
2w, 0
where (AU, B, Dij) represent the stiffness matrix

components of shells reinforced by stiffeners and
are defined as

b . b
Zy = Zopsup + 1o d_SZ1S1T + 2, sin’ (e)d_SZ1S1T!
s s

_ b
Zgs = Zegeup + 2115 COS? (O)SIn2 (e)d—SZf’I, (16)

S

b b
Zi1=Zissup + 14 d_SZ1S1T +2p, cos’ (O)d—SZiT,
s s

Z,y = Zopen + 211, OS2 (0) sin? (e)z_szfj,
S

b b ,
Yoo = Yoosup + Mz d_SYﬁT + 20, d_SYﬁT sin® (6),
s s

b .
Yo = Yessup + 2Hs d—SYﬁT cos®(0)sin?(0),

S

b b
Y1 = Yisup + M d_SY1S1T +2p, d_s Yy cos’ (9),
s s

b :
Yoo = Yiosup + 21, d—SYﬁT cos®(6)sin®(6),
S

b . b
Do, =Dosp + 1z d_sD1S1T +2p, sin* (e)d_sDiT’
s s
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Duy = Dynerse + 21, COS? (8)Sin? (e)z—SDf},

S

b b
D1 =Diisup + 14 d_SD1S1T +2p, d_30084 (e)D1S1T’
s s

D,, =Dysup + 21, cOS? (0)sin’ (6)2—3fo
S

with p, =p, =, =0 in the case of unstiffened T-

Ss,pu; =0, u, =p, =1 in the case of orthogonally

stiffened T-Ss, and p, =1, p, =p, =0 in the case
of spirally stiffened T-Ss, and
(ZijSH,P’ YijSH,P’ DijSH,P) =
> [Quene (1.2 2%)dz,  (ij=126)
I1
z7 v
Yi Dy (17)
_ _ z12 ?12
10
Z F” \_(”}—MTA.MTB. _0 _0 \
k=1 11 Dy Y., Dy,
0O O

'Y, 0D, O
= — 1
Zy _0 Y _0 (18)
0 Z 0 Y,
e e )
2 | 2
| 0 Y 0 Dy
o b , .
(Zij’Yij’DiJ)(k) :_zAZ[()QiJ(k) (1z2%)dz (ij = 126)

with A(k) is the thickness region of the stiffeners.

The thermal force expressions of the
stiffened shell can be written as
b b
q)1x = CI)1SXH + (Dfx + IVL1 _SCD1S);F + 2“3 _SCD1S);F x
dS dS

(cos2 0sin* 0 + cos* 0sin? 0 + cos® 6),

b b
D, =S+ DF 4+, d—SCI)fXT +2u, d—SCDfXT x (19)
S S

(sin2 0cos* 0 + sin* 0cos? 0 + sin® 6),
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where

10
CI)1SyH = ZATJ.(szazz + Q12a11)dz’

k=1 I

10
q)fo = ZATJ(QQO‘zz + Q11a11)dz’

o (20)
(D1SxT = ZAT _[ (Q12a22 +Q11a11)dz’

k=1 Ak
of =I Mdz, iy :I Yoy,

e h, T h,

where e,,,e,, are determined as
€31 = d3Qqp +d5,Qppp, €35 = dyQppp +d35Qppp- (21)
From Eq. (15), we have

€ox = Z:Z (Ny - CI)1y) + Z;1 (Nx - (D1x)
+ Y1*2W,yy + Y1*1W,xx’

Eoy = 2;2 (Ny - cI)1y) + Z;1 (Nx - CI)1x) (22)
+ Y2*2W,yy + Y;1W,xx’

yOxy = 2Y(;6W,xy + nyZ;B’

M, =X, (Ny - CI)1y)"' Xis (Nx - cD1x)
+S,W,, +SW, + Dy,

M, =X, (N, =@, )+ X,, (N, —@,,) (23)
+S,W,, +S,w, +@

M,, = 2SgeW ,, + XN

2y

Xy’

where
. Z . Z
Z12 = _£1 Z11 :£= 0 = Z11222 _Z1zzz1=
, ,
Y* _ Z22Y12 _ Yzzz12 B* _ Z22Y11 _Z12Y21
12 o, 1 P1qq o, ’
2;1 _ _Q, Z;2 _ &’ YZ*2 _ Y22211 _Y1zzz1 ’
o, W, ,
Yz*1 — Y21Z11 — Zz1Y11 ’ Ygﬁ — E,Z;(5 — 26671,
® Zes

Xy =Y Zo 4 Y Zon X =Y Zoy + YoZos,
Koy = YpZoy + YpuZiops Xoy = Y Zis + Y0 o,
Xes = YesZos: Ses = Yas Ve — D

S, =Y, Y, +Y,Y;, -D,,,

S, =Y,.Y, +Y,Y; —D.,,

S,, =Y, Yo, +Y,,Ys —D,,
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S, =YY, +Y,,Y, —D,,

The stress function wy(x,y) satisfied the
following conditions can be introduced, as
Ne=wy Ny ==v,0 Ny =, (24)

Substituting Eq. (22) and Eq. (24) into Eq.
(11), the result is obtained as
0=V ooz + Wy Zis + W gy (Zos + 210 + 231
Y1+ +W 0, (Yo = 2Yes + Y5, ) (25)

XXXX JXXYY
2
ny) =0.

Tow boundary edges of T-Ss are assumed to
be simply supported, and
w=M =N, =N, =0 atx=0,x=L. (26)

+W yyyyY + W

1 1
+ W,yy +g W,xx + R_W’yy —(W

The deflection in a three-term form of the T-
Ss, which satisfies the boundary conditions (26)
and stress function, are assumed as follows
[41,42]

W=7, +v,Sin ny sin nmxj
Yo T V4 a L

) (27)
+7v,Sin Tmx
Yo L )
(anxj (ZnyJ
VY =\, C0S| ——— |+, COS| ——
L a
TMmXx ny
+ v, Sin sin 28
v sinf 2% sin( 2 (28)
. [3nmxj . (nyj G,,hx?
+vy, sin sin| — |- ,
a 2

where v,, y, and vy, respectively represent the

pre-buckling, linear postbuckling, and nonlinear

postbuckling deflection amplitudes. o, is the

circumferential stress. m and n are the buckling
modes in the . x .-direction and Y -direction of the T-

Ss, respectively.

In Eq. (8), the curvature in the meridional
direction of the parabolic and half-sinusoid T-Ss is
not constant. Therefore, the harmonic balance
method cannot be applied. By considering the
curvature as a function, an approximate technique

D.T.K. My et al

is employed to determine the coefficients of the
stress function, as follows

T _T . cos[zn[nx jdxdy =0,
00

T _T ¢.cos [?jdxdy =0,

00

2ma L (29)
jj¢.sin( Tmx ]sm(nyjdxdyzo,
o L a
2na L
j J'¢.sin(3nm ]sm( y]dxdy 0,
o L a
where
V= a1(pa,si,c)y‘12 + aZ(pa,si,c)YZ’
2
Y, = a3(pa,si,c)y1 ! (30)

Y3 = a4(pa,si,c)y1y2 + aS(pa,si,c)Yﬂ
V= a7(pa,si,c)y1 + aﬁ(pa,si,c)y1y2'
with the subscription si,pa, and c are denoted for

haft-sinusoid TS-s, parabolic TS-s, and circular T-

Ss, and
a 1 nL
rasie) ~ 327" | mar )’
5 _ 4m?Y,an® -1
2(pa,si,c) 8m22;27€28
5 1 [manjz
Seasic) — 327" \ Ln )’
(nLnam)2
a4(pa,si,c) ="

n'm*a’Z, +L'Z, n* +*a’sm*n’*n?’
0, = (2;1 + Z;2 + Z;G)
r'a'yY,m* L'Y,n*
K3 ) K3
2a°m°L? (L’Hnl, - 0.5(-a +1n°5,)m?)

+ )
K3

a55i

K, =n'a‘Z,m* +L'Z n* + 2a’m?5 n’n’
2.2 7 4Ing* 4
16a°n"HL, _LY,n

K3 K3

aSpa =

—n*a’m? (-a+8,n° )L* - n*Y,a*m*
+ )
K
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2
L 1 mamX
L, = (sin(—D dx,
o=l (16(L—2x)" e +L*) L

0, = (Y1*1 - 2Y(;6 + Yz*z)’

(-R.Y;n* +n%a’)L*  a*(-a+5,n°)m’nl®

a,, = -
5¢c
R.x, K3
4_4\* 4
_maY,m
K3
. ~ m2n?2a2 2
6(pa,si,c) K, ’
2n’L*Hn?l, a2
7si T )
Ky
72142
_16L'n"Ha’l,,,
a7pa - ’
Ky
a,. =0,

K, =81n'Z,,a‘m* + 9%a*n’n’5,m? +L'Z, n*,
L (mux) . (3max) . ([ xn
. sin T sin L sin T
g = Io ) 7 A%,
el )

. 3mnxj . (mnx)

sin sin dx
L - L L L
2Pa_jo

(16(L-2x)"H +L¢ )3/2 |

The closed condition is added in average
sense as

2na 2ma L

—dxdy = g,, +— —0.5w?, dxdy = 0. (31)
[i5ow-T](er3-0mm

After performing the necessary calculations,
from Eq. (31), the expression for o, is determined

as follows

G, =D,

2
oy )Y1 + b3(pa,si,c)y0 + b4(pa,si,c)

(pa,sic

32
+ b1( (32)

pa,si,c)YZ’

where
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1 n2

b i = * ’ b i - * )
1(pa,si,c) 2222ha 2(pa,sic) 822282h

1 _ Z;1®1x + Z;Z(I)1y

b3(pa,si,c) = Z;Zah’ b4(pa,si,c) - Z;Zh

The strain energy of the T-Ss and the work
done by the external loads are calculated as

1 %2naL 011(811 K1)

= [ [ Jlton(n-x)  [oxdivdz  (33)
72 " *O1, (712 0‘12AT)
2na qW_

dxdy. (34)

Substituting Egs. (9), (12), (22), (23), and Eq.
(32) into Eq. (33), after simplification, the simple
expression has the following form

Ui = Gipasic)Yo + gZ(pa,si,c)y12 * G3pasic) 2
+ CO(pa,si,c)y12 + C1(pa,si,c)702 + Cz(pa,si,c)y0y12
+ CyipasicTo¥2 T Cafpasic¥o + Cs(pa,si,c)V14 (35)
+ Cs(pa,si,c)Y22 T C(pasic)Y2 + Ce(pasic)
+ Cg(pa,si,c)Y1ZY22 + C1o(pa,si,c)Y12Y2 * Q4pasic)’

Similarly, substituting Eq. (27) into Eq. (34),
the expression can be obtained as

UEXt - t1(Pa,Si,C)'Y12 + t2(pa,si,c)y22 - K‘lﬂ;LaYO2

(36)
+2Lqray, — nK Lay,y, + qLray,,
where

rpasic) = th3(paysiyc)an(Z;2(I)1x +Z,®,,),

afpasic) = thz(paysiyc)an(zqzq%x +2Z,®,),

Ospasic) = Lb1(pa,siyc)h(Z]2®1x +Z5, @y, )an,
_L(dy@, +dy, @y, )@V,

g4(pa,si,c) - h

p

+Lh(Z,®,, +Z,,®,, )anb

4(pa,sic)
+ Lan(d)h(ZI1 +®,7Z,,)D,
+®, (Z,®,, +Z,®,, |Lan,
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3 2.2 2
n 63m n aS(pa,si,c) nK3a5(pa,si,c)

CO(pa,si,c) 4al 41333
n°S;am* 1S, Ln*  7’Sgn’m?
4° 43a° La

3 2.2
) n°S,,mn
+ ZTEh aLZZZb 2(pa,si,c b4(pa,si,c) - #

aL + nhaLZ D, b

+ Z;znh(l) b,

n3821m2n2 nLahd32b

pa3|c paSIC

2(pa,sic) VO 7'537 Ky

+
4La h 41333

P

N Tc(m4 (Y£1 - X12)a4n4 +n’Lf (Y1*2 =Xy ))as(pa,si,c)

4°a°
8, = (X —2Xg5 + X5, = 8,),

c = Z,anh’Lb}

1(pa,sic) 3(pa,si,c)

¢, =2Z,hanlb,, b

2(pa,si,c) ™~ 3(pa,sic)’

c =2Z,,ah’Lnb,, b

3(pa,sic) 3(pa,si,c)~1(pa,sic)’
_ nLahbS(si,pa,c)dSZVO
C4(pa,si,c) - hp
+ bS(pa,sm h((2hb 4(pa,si,c) (D1y)z;2 + Z;1CD1X)LGTE,
87:52223 (rasio) ‘m*  nl*a 4h2222b2 2(pasic)
CS(pa,si,c) - 3L3 + aSL3
8nL'n*Z; a3 0 )
i a’l® ’
4nm‘a (22,85, .~ Siy 1 2)
6(pa,si,c) = L3
4nm*a .
L—SaZ(pa,si,c) (X‘IZ - Y21)
+rm*aZy,bl ., hL,
nlahdy,b, . Vo
C7(pa,si,c) = h @ ) + haTCLZZZZmb 1(pa,si,c)
p
+ b‘l(pa,si,c)b 4(pa,sic) hhanLZZZ
+ hanLZ;Z (b4(pa,si,c)h + q)1y ) b1(pa,si,c)’
Cs(pa,si,c) = b4(pa,si,c) (b 4(pasic) h+ q) )Zz2hLaTc
+ Z12hLa7'Cb 4(pa,sic) 1x’
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2.2 _3 2 2 *
mn'n (gaﬁ(pa,si,c) +a4(pa,si,c))z12

CQ(pa,si,c) - 4La
2,3 (932

6(pa,si,c)

4La

2 * 2
+ a4(pa,si,c) ) ZGGn

m4az;2 (81a§(pa,si,c) + ai(pa,si,c) ) n5
4°
2 22* 9 2 3
£y ( aﬁ(pa,si,c) + a 4(pa, suc))TE

4La

Ln4TIZ (aé(pa,si,c) + aézl(pa,si,c) ) Z;1
4a°

J’_

+

J’_

a7(pa,si,c)K4 naﬁ(pa,si,c)

1
Cio(pasic) = 5 33°

1 ma
J’__
2 L*a®
1 Tca 4(pa,sic) (_X21 + Y1*2)L4r‘I4
"4 °a®
Yy - Xy, )a* —m’n’La’n’s, |
L*a®

5(pa,si,c)a4(pa,5| c

> +2Z, Lah*nb, b

2(pa,si,c) " 1(pa,sic)

1 a4(pe:1,si,c)7-E (m4ﬂ:

1 6am4nsZ;Zaz(pa,si,c)a1(pa,si,c)
L3

16m*n°a (X, = Y1 )2ypnsie)
40 ’

J’_

J’_

(a° (Kom'm® + K, ) + K L0 ) m
t1(pa,si,c) =" 4La ’

3 (g m’K, +L°K, jan

2(pa,sic) — 8 L

The total potential energy of the system is

Ulotal = Uin - Uext' (37)

Substituting Egs. (35) and (36) into Eq. (37),
the Ritz energy method is then applied as

aUtotal — O, aUtotal — 0’ aUtotal — 0, (38)
Yo o, o,

leads to

g1(pa,si,c) + C4(pa,s,| c (ZTEaK L+ 2C 1(pa,si.c )YO

(39)

+K,maly, —2Lqra + Cy pa,si,c)71 +Cpasic)T2 = 0s
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2 2
205(pa,si,c)}’1 + Cg(pa,si,c)YZ + C10(pa,si,c)y2 (40)
+C2(pa,si,c)y0 - t1(pa,si,c) + gZ(pa,si,c) + CO(pa,si,c) =0,
K1Lnayo + 2C9(pa,si,c)y1zy2 - Lnaq + C10(pa,si,c)y12
_2t2(pa,si,c)y2 + CB(pa,si,c)YO + (41)

+gS(pa,si,c) + 206(pa,si,c)y2 + C7(pa,si,c) = 0

From Eq. (39), the expression of y, can be

found as
—K Lray, + 2Lraq - CZ(pa,si,c)y12
’Y =
’ 2(LK1na +Cioa Sic))
R (42)
_ C4(pa,si,c) + g1(pa,si,c) + CS(pa,si,c)YZ
2 (LK1na + C1(pa,si,c))

Substituting Eq. (42) into Eq. (41),

expression of y, can be obtained as

- Os(pasic) T F3(pasic) T agpasic)2 ’ (43)
Qapasic) T Yipasic)V2
where
Uipasic) = —4K1nach(paysiyc) - 409(pa,si,c)c1(pa,si,c)’
Ua(pasic) = (K”‘aL * Cafpasic) ) Cafpasic)
-2 (K1Tta|_ +Cipasic) )c1 O(pasic)’
a(pasic) = —2malL (01(pa,si,c) ~ Ca(pasic) )
Uyfpasc) =L 78 (+406(pa,5| R S ) K,
K ’n*a® - Ci(pa,si,c) +4C 0 i0) (Cﬁ(pa,si,c) ~ipasic) )
Us(pasic) = 2MLK, (93<pa,si,c) * °7<pa,siyc))

- 287'C|_K1 (g1(pa,si,c) + C4(Pa»5i«°) ) *

+2 (07(pa,si,c) + g3(pa,si,c) )C1(pa,si,c)
- (g1(pa,si,c) + C4(pa,si,c) ) C3(pa,si,c)'

Substituting Egs. (42) and (43) into Eq. (40),

the relationship between q and vy, can be

obtained as

2 3
q8(pa si c)YZ + q7(pa,si,c)y2

2LaTEq1 pa Si, c

q=
(pa,si,c)y2 + q6(pa,si,c)
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q10 pa5|c q9 (pa,si,c) yZ (44)
2Lach1 (pa,si.c) ™~ 2(pa, si,c)y2 + q6(pa,si,c) ’
where
qG(pa,S| c 2Lach2 (pa,si,c) (pa,si,c)
2
+ (4CS(pa,si,C) (TCaK1L + C1(pa,si,c) ) - CZ(pa,si,c) ) q3(pa,si,c)’
q7(pa,si,c) = _2q1(pa,si,c)09(pa,si,c) (K1Tca|‘ + C1(pa,si,c) )’
q8(pa,5|c =K nan1 (pa,si,c) (pa,si,c)
+ C3(pa,si,c)C2(pa,si,c)q1(pa,si,c)
- 2q1(pa,si,c)c10(pa,si,c) (K1LTEa + C1(pa,si,c))
- 2q2(pa,si,c)09(s,p,c) (K1Lna + C1(pa,si,c) )’
q9(pa,si,c) = _LTEK1a (2C10(pa,si,c)q2(pa,si,c))

—2lan (92 (pa,si,c) + CO(pa,si,c) —t

1(pa,si,c) ) K1q1(pa,si,c)

_40 5(pa;sic) 1(pa,si,c)q4(pa,si,c) + C3(pa,si,c)CZ(pa,si,c)qZ(pa,si,c)

LaKa(4c

5(pa,si,c)q4(pa,si,c) - qz(pa,si,c)CZ(pa,si,c))

+2 (t1(pa,si,c) - CO(pa,si,c) - gZ(pa,si,c) )01(pa,si,c)q1(pa,si,c)

+ (91(pa,si,c) + C4(pa,si,c) ) Cz(pa,si,c)q1(pa,si,c)

2

—2c ic)C 2(pa,si,c)q4(pa,si,c)’

10(pa,si,c) 1(pa,si,c)q2(pa,si,c) +C

—4LnaK,c

5(pa,si,c)q5(pa,si,c)

q10(pa,si,c) =
—4c

5(pa,si,c) 1(pa,si,c)q5(pa,si,c)

2
+C4(pa,si,c)c2(pa,si,c)q2(pa,si,c) + CZ(pa,si,c)qS(pa,si,c)

+g1(pa,si,c)02(pa,si,c)qz(pa,si,c)
+2(C

1(pa,si,c) q2 (pa,si,c)

+K Lna)

(t1(pa,si,c) - CO(pa,si,c) - g2(pa,si,c))
When vy, >0 the upper critical buckling

pressure for stiffened T-Ss is derived from Eq. (44)

as follows
q10(pa,si,c)
= —omsic), (45)
q6(pa,si,c)

The critical buckling external pressure of
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stiffened T-Ss is obtained by using the condition
g, =min(q,, ) versus (m,n).

The maximal deflection expression can be
obtained from (27) as
Wmax = YO + Y1 + Y2' (46)

Substituting Egs. (42) and (43) into Eq. (46),
the expression can be written as

~ 2qLra -LnK,ay, - Fpasic)
" 2nKla+2c,

s,p.c)

+C

_ CZqG(pa,si,c) 4(pa,si,c) + CS(pa,si,c)YZ

ZTCK1La + 201(s,p,c) (47)

+\’q6(pa,si,c) T2

_ q4(pa,si,c)y2 + qs(pa,si,c) + q3(pa,si,c)q
qG(pa,si,c) - .

q2(pa,si,c) + q1(pa,si,c)y2

Egs. (44) and (47) can be employed to obtain
numerical results and load—deflection curves of
stiffened T-Ss subjected to external pressure in
thermal environments.

D.T.K. My et al

4. Results and discussion
4.1. Verification

The comparison results shown in Table 1
demonstrate excellent agreement between the
present analysis and those reported by Dung and
Hoa [43], Shen [44], and Baruch and Singer [45] for
isotropic C-Shs under external pressure. For both
ring-stiffened and orthogonally-stiffened shells, all
studies show the same increasing trend in critical
buckling loads.

The critical buckling loads of the C-Sh
subjected to external pressure, as presented in
Table 2, correlate very well with the findings
reported by Shen [29]. Both studies exhibit
consistent variations of buckling load with respect
to the CNT volume fraction and temperature
change. Table 3 further compares the buckling
pressure of the FG-CNTRC C-Shs with simply
supported boundary conditions. The results show
that the critical buckling loads of the cylindrical
shells are in good agreement with those reported
by Shen [4] and Jam and Kiani [5].

Table 1. Comparisons on the critical buckling loads q_, (in Psi) of isotropic C-Shs

Shell types Dung and Hoa Shen (Boundary Baruch and Present
(DST) [43] layer theory) [44] Singer (DST) [45] (DST)
Unstiffened 103.3271(1,4)2 100.7(1,4) 102 103.327(1,4)
Stringer 104.4937(1,4) 102.2(1,4) 103 104.494(1,4)
Ring 379.6944(1,3) 368.3(1,3) 370 379.431(1,3)
Orthogonal 387.1920(1,3) 374.1(1,3) 377 386.934(1,3)
@The buckling modes (m,n)
Table 2. Comparisons on the critical buckling loads q_, (in kPa)
of CNTRC C-Shs in thermal environment (a/h =100 ,h=1mm, L =/500ah )
. Shen (HSDT) [29] Present (DST)
AT Venr
ub FG-X ub FG-X
0 0.12 18.48(1,7) 19.91(1,7) 18.507(1,7) 19.777(1,7)
0.17 30.81(1,7) 34.15(1,7) 30.851(1,7) 33.936(1,7)
0.28 35.56(1,7) 43.24(1,7) 35.621(1,7) 43.438(1,7)
200 0.12 14.05(1,7) 15.17(1,7) 13.779(1,7) 14.785(1,7)
0.17 23.32(1,7) 25.86(1,7) 22.972(1,7) 25.343(1,7)
0.28 27.01(1,7) 28.99(1,7) 26.553(1,7) 32.458(1,7)

" Higher order shear deformation shell theory

86



JSTT 2026, 6 (2), 75-97

D.T.K. My et al

Table 3. Comparisons on the critical buckling loads q_, (in kPa) of CNTRC C-Shs (a/h =30,V , =0.17)

L uD FG-X FG-V FG-A
J300an  Shen (HSDT) [29] 433.04(1,4) 484.05(1,4) 450.14(1,4) 404.64(1,4)
Jam and Kiani (DST) [46] 433.59(1,4) 478.79(1,4) 452.81(1,4) 417.30(1,4)

Present (DST) 435.34(1,4) 481.24(1,4) 454.47(1,4) 418.50(1,4)

J500an  Shen (HSDT) [29] 343.81(1,4) 382.59(1,4) 357.21(1,4) 329.24(1,4)
Jam and Kiani (DST) [46] 344.33(1,4) 380.02(1,4) 359.16(1,4) 339.84(1,4)

Present (DST) 345.68(1,4) 381.74(1,4) 360.42(1,4) 340.90(1,4)

Overall, the obtained results provide strong
confidence that the proposed method can
accurately predict the buckling behavior of FG-
CNTRC parabolic T-Ss and half-sinusoid T-Ss
under external pressure.

4.2. Investigation and discussion

Fig. 3 compares the postbuckling curves of
three types of FG-CNTRC T-Ss (half-sinusoid,
circular, and parabolic) for both unstiffened and
spiral-stiffened configurations. In the unstiffened
case (Fig. 3a), all three curves exhibit a similar
nonlinear increasing trend in the large deflection
domain. The curve of half-sinusoid T-Ss shows a
slightly higher postbuckling strength than the other
two types, while the curves of circular and
parabolic T-Ss almost coincide, indicating that
curvature variation has only a minor influence on
the postbuckling behavior. In the investigated
range, the snap-through phenomenon is clearly
observed for the spiral-stiffened shell (see Fig. 3b).
Although the overall load—deflection trends of all
three shell types are similar, the results
summarized in Table 4 reveal a distinct difference
in the critical buckling load. Among the three
configurations, the half-sinusoid T-Ss exhibits the
highest critical buckling loads.

Table 4 clearly demonstrates the substantial
effect of both CNT distribution and stiffener types
on the critical buckling load of FG-CNTRC T-Ss,
and Fig. 4 presents the effect of CNT distributions,
stiffener heights, stiffener system and environment
temperatures on the postbuckling curves of T-Ss.

For the unstiffened shells, the FG-X distribution
consistently provides the highest load-bearing
capacity across all three shell geometries, while
the FG-O pattern proves to be the least effective.
However, when orthogonal or spiral stiffeners are
added, the critical loads of the FG-V shell are
higher than those of the FG-X shell (see Table 4
and Fig. 4a). This result is due to the CNT content
being concentrated at the shell and stiffener
surfaces, away from the neutral axis, which
provides the FG-V shell and FG-A stiffener a higher
overall stiffness and enables it to withstand loads
more effectively.

The effect of stiffener heights on the
postbuckling curves is shown in Fig. 4b. Increasing
the stiffener height leads to an increase in the
moment of inertia of the cross-section, thereby
enhancing the structural stiffness. Figs. 4c,d
illustrates the large effects of different stiffener
systems on the postbuckling behavior of half-
sinusoid and Parabolic T-Ss. Both shell
geometries, the addition of any stiffener system
significantly increases the critical buckling load,
shifting the entire curve upwards. The spiral
stiffener consistently provides the highest load-
bearing capacity, demonstrating its superior
efficiency in resisting external pressure. The effect
of environment temperatures change on the
postbuckling curves of the half-sinusoid and
parabolic T-Ss is displayed in Figs. 4e,f. As the
temperature increases, the effective Young’s
modulus and shear modulus of the composite
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decrease sharply. Consequently, the postbuckling
curves shift downward, and the critical buckling

0.79 Unstiffoned --- 1 Half-lsmusmd toroidal shell segment
Convex shell —2: Toroidal shell segment
¢ 3: Parabolic toroidal shell segment
Ry = 0. 1mm,V, = 300V
0.76 1
)
[
3
T
073 9 2o -
UD, a = 100h,
h = 2mm, AT = 0K,
2&3 H=2h V0 — 017
07 K, — 105 Nim, K, — 2x107 Nimt®
0.5 1.5 2.5 35 45
W/h
(a)
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load exhibits a significant reduction (see Table 5).

152 Comnvex shell | — — — : Half-sinusoid toroidal shell segment
1 —2: Toroidal shell segment
N v‘\' - — =3: Parabolic toroidal shell segment
N -
1 46 - N Sprial stiffener
- N by~ hs—h [
8 o My 26 L 2mmgng 23
e iz — 12, 15— 50
< R S \ ,f
1.4 - !
UD, a = 100, A
h = 2mm, AT — 0K Al
H=2hV g — 017 £ hy = (0. Imm
134 K, 10° N'm, K; — 2x107 N/'mé ===" V=300V
0 2 4 6 8
Wh
(b)

Fig. 3. Comparison of the postbuckling curves of three types of T-Ss in the case of stiffened and
unstiffened

Table 4. The effect of stiffeners and CNT distribution on the critical buckling loads q., (MPa) (AT =0,
h=2mm, h, =0.1mm, hg =bs =h, dg =2ra/ng ,a=100h,H=2h, V; =0.17, L =2ran, / ng,ng =50
,Ne =12,K, =10°N/m, K, =2x 10" N/m?®)

Shell FG-X ub FG-O FG-A FG-V
T-Ss

Unstiffened 0.732(1,11) 0.726(1,11) 0.723(1,11) 0.732(1,10) 0.722(1,11)
Orthogonal

stiffeners 1.139(1,6) 1.120(1,6) 1.104(1,6) 1.033(1,7) 1.180(1,6)
Spiral 1.507 1.483 1.455 1.300 1.630
stiffeners (1,7,27,57.32)*>  (1,8,26,58.67) (1,8,25,60) (1,8,25,60) (1,7,28,55.94)
Parabolic T-Ss

Unstiffened 0.732(1,11) 0.726(1,11) 0.723(1,11) 0.732(1,10) 0.722(1,11)
Orthogonal

stiffener 1.139(1,6) 1.120(1,6) 1.104(1,6) 1.033(1,7) 1.186(1,6)
Spiral 1.507 1.483 1.455 1.300 1.630
stiffeners (1,7,27,57.32)  (1,8,26,58.67) (1,8,25,60.00) (1,8,25,60.00) (1,7,28,55.94)
Half-sinusoid T-Ss

Unstiffened 0.734(1,11) 0.728(1,11) 0.726(1,11) 0.735(1,10) 0.725(1,11)
Orthogonal

stiffener 1.144(1,6) 1.125(1,6) 1.110(1,6) 1.037(1,7) 1.192(1,6)
Spiral 1.518 1.493 1.465 1.309 1.644
stiffeners (1,8,27,57.32)  (1,8,26,58.67) (1,8,25,60.00) (1,8,25,60.00) (1,7,28,55.94)

®(m,n,ng,,6)

Fig. 5 presents the effect of CNT volume

fraction, a/h ratio, the rise H and the elastic

foundation stiffness on the postbuckling curves of
T-Ss. Fig. 5a and Table 6 clearly demonstrate that
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the volume fraction of CNTs has a significant
impact on postbuckling behavior and the critical
buckling loads of the T-Ss. As the CNTs volume
fraction increases, the composite material
becomes stiffer and stronger, thereby increasing
the external pressure load-bearing capacity of the
T-Ss. Increasing the a/h ratio results in greater

L7 Half-sinusoid - Convex shell |~ ~ ~ 1 FG-V
hy = 0.1mm, V,— 300V
a— 100k, H - 2h

—2:FG-X
—3:UD

—4: FG-0
—5.FG-A

1 Spim ;

by~ hg—h— Jmm AT~ 0K V' ey — 0.17]
L = 2mimgng,my = 12, ng = 50K, — 10° Nim, K, — 2107 N/t

0 3 6 9
Wih

(a)

Half-sinusoid - Convex shell
T3 By — 0.1mm, V,— 500V
UD, a — 100k h — 2mm, -
1.2 1 H =2k, VCNT

ho= hg=h, ny; =12, ng =50
/1

1.55

q(MPa)

0.85

ny, = 26, L — 2miny/ng
—1: Unstiffened

K, — 10° N'm = = =2: Orthogonal stiffener
K, — 2x107 N/'m? ——3: Spiral stiffener

0.5 T T {

0 3 6 9
Whh

(c)

-==-1AT=0K
—2AT=100K

Half-sinusoid - Convex shell

FG-X, a=100h
0.1mm, V,

15 Tt~ M

q(MPa)
=

Spiral stiffener
by= hg=h~=2mm
L = 2miny/ng

ng— 12, ng - 50

1.3 1

H= 2k Vi~ 0.17

K, = 10° Nim, K, = 2107 Nim?
0 3 6 9
Wh

(e)
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shell slenderness, contributing to a reduction in the
critical load and lowering the postbuckling curves
(see Table 7 and Fig. 5b). In fact, the slenderer the
shell is, the more unstable it becomes to instability
under loading, which may lead to sudden failure.
Conversely, thicker shell will have better load-
bearing capacity.

14 Parabolic - Convex shell __ _é ‘ZS{: g 7h
y P -8t )
FG-X, a - 100h, AT - 0K 3 by 0.5h
I
~
12 A -

1 -7

H =2k, Vo — 0.2 B
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& K, = I N/m, K, = 2107 Nim* -7

% ------------ 2--""
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hy — 0.1mm, V,,— 500V

Spiral stiffener, b; = h—h = 2mm
0.8 L =2mnyne, ny; = I12, Ho = 30
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Wih
(b)
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Fig. 4. The effect of CNT distributions, stiffener heights, stiffener system and environment temperatures
on the postbuckling curves of T-Ss
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Table 5. The effect of temperature on the critical buckling loads q,, (MPa) of the parabolic and half-
a =100h, Spiral stiffeners, H=3h,
L=2man, /ng,ng =50 ,n, =12, K, =10°N/m, K, =2x10"N/m3, Vg, =0.17)

sinusoid T-Ss (h=2mm, h, =0.1mm, hg =bg =h, dg =2ma/n

S

AT =100K

AT =200K

Shell AT =0K
Half-sinusoid T-Ss

ub 1.617(1,8,26,58.67)
FG-X 1.646(1,8,25,60.00)
FG-V 1.784(1,8,26,58.67)
FG-A 1.431(1,8,27,57.32)
FG-O 1.593(1,8,27,57.32)

1.584(1,8,27,57.32)
1.612(1,8,25,60.00)
1.744(1,8,26,58.67)
1.405(1,8,27,57.32)
1.562(1,8,28,55.94)

1.555(1,8,27,57.32)
1.581(1,8,26,58.67)
1.706(1,8,27,57.32)
1.381(1,8,27,57.32)
1.533(1,8,28,55.94)

Parabolic T-Ss

ub 1.598(1,8,26,58.67) 1.566(1,8,26,58.67) 1.536(1,8,27,57.32)
FG-X 1.628(1,8,24,61.31) 1.595(1,8,25,60.00) 1.563(1,8,26,58.67)
FG-V 1.765(1,8,26,58.67) 1.725(1,8,26,58.67) 1.686(1,8,26,58.67)
FG-A 1.412(1,8,27,57.32) 1.387(1,8,28,55.94) 1.364(1,9,28,55.94)
FG-O 1.573(1,8,27,57.32) 1.542(1,8,28,55.94) 1.513(1,8,28,55.94)
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Fig. 5. The effect of CNT volume fraction, a/h ratio, the rise H and the elastic foundation stiffness on

the postbuckling curves of T-Ss
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Table 6. The effect of V,,,; on the critical buckling loads q,, (MPa) of the parabolic and half-sinusoid T-
Ss (h=2mm, h, =0.1mm, hg =bg =h, ds =2na/ng , a=100h, Spiral stiffeners, H=3h, L =2ran, /ng

,Ng =50,n, =12, K, =10°N/m, K, =2x10" N/m3, AT =0K)

Shell V. =0.12

Vi =0.17

Vi, =0.28

Half-sinusoid T-Ss

ubD 1.377(1,8,25,60.00) 1.617(1,8,26,58.67) 1.985(1,8,29,54.55)
FG-X 1.398(1,8,24,61.31) 1.646(1,8,25,60.00) 2.028(1,8,27,57.32)
FG-V 1.499(1,8,26,58.67) 1.784(1,8,26,58.67) 2.219(1,8,29,54.55)
Parabolic T-Ss

ubD 1.364 (1,8,25,60.00) 1.598(1,8,26,58.67) 1.954(1,8,29,54.55)
FG-X 1.384 (1,8,25,60.00) 1.628(1,8,24,61.31) 1.994(1,8,29,54.55)
FG-V 1.485 (1,8,26,58.67) 1.765(1,8,26,58.67) 2.187(1,8,28,55.94)

Table 7. The effect of a/h ratio on the critical buckling loads q,, (MPa) of parabolic and haft-sinusoid T-
Ss (AT =0K, h=2mm, h, =0.1mm, hg =bg =h, d, =2ra/ng, Spiral stiffeners, H=2h, L=2ran; /ng,

ng =50,n, =12, K, =10°N/m, K, =2x10” N/m3, V,,; =0.12)

Shell a/h=80 a/h=100 a/h=120

Half-sinusoid T-Ss

uD 2.047(1,7,27,57.32) 1.289(1,8,26,58.67) 0.924(1,8,24,61.31)
FG-X 2.084(1,7,26,58.67) 1.304(1,7,27,57.32) 0.935(1,8,23,62.61)
FG-V 2.260(1,7,27,57.32) 1.395(1,7,28,55.94) 0.990(1,8,24,61.31)
FG-A 1.803(1,7,28,55.94) 1.155(1,8,24,61.31) 0.850(1,8,25,60.00)
FG-O 2.014(1,7,28,55.94) 1.270(1,8,25,60.00) 0.913(1,8,26,58.67)
Parabolic T-Ss

ub 2.029(1,7,27,57.32) 1.280(1,7,26,58.67) 0.920(1,8,24,61.31)
FG-X 2.066(1,7,26,58.67) 1.291(1,8,28,55.94) 0.931(1,8,23,62.61)
FG-V 2.241(1,7,27,57.32) 1.385(1,7,28,55.94) 0.986(1,8,24,61.31)
FG-A 1.786(1,7,28,55.94) 1.148(1,8,24,61.31) 0.846(1,8,25,60.00)
FG-O 1.995(1,7,28,55.94) 1.262 (1,7,25,60.00) 0.909(1,8,25,60.00)

The elastic foundation generates a reaction
force that resists the shell’s deflection. As the
foundation stiffness increases, this reaction force
becomes stronger, thereby stiffening the overall
structure and reducing the shell’s susceptibility to
deformation under loading. Varying the elastic
foundation stiffness also changes the critical load
and postbuckling curves of the TS-s (see Table 8

and Fig. 5¢). The effects of the rise H on the
postbuckling curves and critical buckling load are
displayed in Fig. 5d and Table 9. As the H
increases, the load-bearing capacity of the shell
also increases, and the postbuckling curves vary
accordingly. For the concave shell, the parabolic
TS-s exhibits a slightly higher load-bearing
capacity than the half-sinusoid T-Ss.
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Table 8. The effect of foundation stiffnesses on the critical buckling loads q,, (MPa)
(AT=0K, h=2mm, h, =0.1mm, hy =bs =h, dg =2na/ng , a=100h, Spiral stiffeners, H=2h,

L =2man, /ng,ng =50,n, =12, Vg, =0.28)

K, (N/m%), K, (N/m) FG-V uD FG-X
Half-sinusoid T-Ss
0,0 1.379(1,7,29,54.55) 1.166(1,8,27,57.32) 1.209(1,7,28,55.94)
2x107, 10° 2.013(1,8,27,57.32) 1.787(1,8,27,57.32) 1.841(1,8,26,58.67)

5x107, 5x10° 4.376(1,8,30,53.13) 4.142(1,8,28,55.94) 4.191(1,8,28,55.94)

Parabolic T-Ss
0,0

2x107, 10°
5x107, 5x10°

1.358(1,7,29,54.55)
1.996(1,8,27,57.32)
4.358(1,8,29,54.55)

1.147(1,7,27,57.32)
1.769(1,8,27,57.32)
4.126(1,8,28,55.94)

1.179(1,7,26,58.67)
1.825(1,8,26,58.67)
4.174(1,8,28,55.94)

Table 9. The effect of the rise H on the critical buckling loads q. (MPa) of three types of perfect shells
(AT=0Kh=2mm, h, =0.1mm, a=100h, hy =by =h, dg =2ma/ng, K, =10°N/m, K, =2x10" N/m?,
Spiral stiffeners, L = 2nan, /ng,ng =50 ,n, =12, Vg, =0.28, AT =0K)

H=h H=2h H=3h H=-h H=-2h H=-3h
Half-sinusoid T-Ss

1.625 1.787 1.985 1.363 1.265 1.204
b (1,8,28,55.94) (1,8,27,57.32) (1,8,29,54.55) (1,7,24,61.31) (1,6,27,57.32) (1,6,20,66.42)

FG- 1.664 1.841 2.028 1.411 1.305 1.256
X (1,7,28,55.94) (1,8,26,58.67) (1,8,27,57.32) (1,6,25,60.00) (1,6,25,60.00) (1,6,18,68.90)

FG- 1.820 2.013 2.219 1.526 1.404 1.323
vV (1,7,29,54.55) (1,8,27,57.32) (1,8,29,54.55) (1,7,27,57.32) (1,6,28,55.94) (1,6,24,61.31)

FG- 1.389 1.537 1.711 1.171 1.110 1.061
A (1,8,25,60.00) (1,8,28,55.94) (1,9,26,58.67) (1,7,23,62.61) (1,6,26,58.67) (1,6,18,68.90)

FG- 1.590 1.752 1.956 1.322 1.237 1.167
o (1,8,27,57.32) (1,8,28,55.94) (1,8,28,55.94) (1,7,25,60.00) (1,6,28,55.94) (1,6,23,62.61)

Parabolic T-Ss

UD 1.617 1.771 1.954 1.367 1.273 1.208
(1,7,28,55.94) (1,8,27,57.32) (1,8,29,54.55) (1,7,24,61.31) (1,6,27,57.32) (1,6,21,65.17)

FG- 1.656 1.825 1.999 1.416 1.312 1.258
X (1,7,28,55.94) (1,8,26,58.67) (1,8,27,57.32) (1,6,25,60.00) (1,6,25,60.00) (1,6,17,70.12)

FG- 1.811 1.996 2.187 1.533 1.414 1.330
vV (1,7,29,54.55) (1,8,27,57.32) (1,8,28,55.94) (1,6,26,58.67) (1,6,29,54.55) (1,6,25,60.00)

FG- 1.384 1.522 1.687 1.174 1.115 1.063
A (1,8,25,60.00) (1,8,28,55.94) (1,9,27,57.32) (1,7,23,62.61) (1,6,25,60.00) (1,6,20,66.42)

FG- 1.584 1.735 1.928 1.326 1.245 1.172
o (1,8,27,57.32) (1,8,28,55.94) (1,8,29,54.55) (1,7,25,60.00) (1,6,28,55.94) (1,6,24,61.31)
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Fig. 6. The effect of the electric voltage Vo on the postbuckling curves of T-Ss

Fig. 6 illustrates the postbuckling behavior of
half-sinusoid and Parabolic T-Ss under the effect of
an applied electric voltage Vo. Variations in the

applied voltage cause changes in the mechanical
and electrical characteristics of the piezoelectric
layer. These altered properties then affect the
load—strain interaction, which directly changes the
postbuckling behavior.

5. Conclusions

Based on a simple and effective analytical
approach, the buckling behavior of spiral-stiffened
FG-CNTRC T-Ss with piezoelectric layers and
generalized curvature under external pressure has
been analyzed. Formulations are based on the
DST and von Karman geometric nonlinearity,
combined with the improved Lekhnitskii smeared
stiffener approach. The Ritz energy approach is
applied to find the load—deflection relationship
under external pressure. The changes in elastic

foundation stiffness, temperature, slenderness, the
rise H, and CNT distribution patterns were
considered and investigated in the paper. The
results obtained should be noted as follows

1. The stiffener system greatly improves the

buckling resistance, with the spiral stiffeners

offering the most significant enhancement
compared to the orthogonal and unstiffened
configurations.

2. On the postbuckling curves, the snap-

through phenomenon is observed when the shell is
reinforced with spiral stiffeners.

3. The postbuckling trends of the three types
of shell are similar. Among them, the postbuckling
curves of the circular and parabolic T-Ss shells
almost completely coincide.

Overall, this paper provides an efficient and
accurate approach for predicting the nonlinear
stability and postbuckling behavior of spiral-
stiffened FG-CNTRC T-Ss with piezoelectric layers
and generalized curvature. The findings can serve
as a useful reference for the optimal design and
stability control of advanced FG-CNTRC shell
structures integrated with piezoelectric layers.
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