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Abstract: This study presents an analytical investigation into the nonlinear
thermal buckling behavior of functionally graded graphene platelet-reinforced
composite (FG-GPLRC) conical shells resting on a nonlinear elastic
foundation. The formulation is developed based on Donnell shell theory in
conjunction with von Karman geometric nonlinearity. The nonlinear foundation
is characterized by three stiffness parameters that capture both hardening and
softening behaviors, corresponding to positive and negative nonlinear
parameters, respectively. Employing the Ritz energy method, thermal load—
deflection relationships are derived to analyze both the critical buckling
temperature and the postbuckling response of the structure. The influence of
key parameters, including the stiffness of the elastic medium, graphene platelet
(GPL) mass fraction, material gradation profiles, and geometric configurations,
on the nonlinear thermal buckling performance is thoroughly examined through
numerical simulations.

Keywords: Nonlinear stability, FG-GPLRC, Donnell shell theory, Nonlinear
elastic medium, Ritz energy method, Conical shell.

1. Introduction
Owing to their

key load-bearing

marine sectors, where

distinctive geometrical
configuration, conical shells and panels serve as
elements
engineering applications. These structural forms
are particularly prominent in the aerospace and
they are commonly
employed in components such as ship hulls,
aircraft fuselages, and other critical structure
systems. Consequently, the static and dynamic

behaviors of conical shells and panels, particularly
issues related to stability and vibration, have been
extensively investigated in the literature. An
analytical method was presented by Lu and Chang
[1, 2] to examine the thermal buckling and
postbuckling responses of conical shells with
simply supported edges and isotropic material
properties, where their findings were validated
against experimental data. Tani [3] explored the
dynamic instability of such shells subjected to

in  numerous
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periodic axial forces, initially neglecting and later
including [4] bending deformations, applying
Donnell shell theory combined with a finite
difference scheme. He [5, 6] further assessed the
influence of axisymmetric deflection imperfections
and significant prebuckling deflections on thermal
buckling behavior under uniform temperature rise
[5] and combined thermal and pressure loads [6].
The vibration behavior of twisted isotropic conical
shells was investigated using the Rayleigh—Ritz
procedure with tapered thickness [7] and for
rotating and open shells [8]. The behavior of
laminated cross-ply truncated conical shells was
studied by Xu et al. [9] and Patel et al. [10], utilizing
shear deformation theories; the former applied the
Galerkin and harmonic balance methods for free
vibration analysis, while the latter adopted a semi-
analytical finite element model to examine thermal
nonlinear  buckling phenomena. Additional
investigations into the free vibration behavior of
isotropic conical panels were conducted using the
generalized differential quadrature (GDQ) method
by Lam et al. [11] and with the mesh-free kp-Ritz
technique by Zhao et al. [12]. Moreover, by
applying the Ritz energy method, Paczos and
Zielnica [13] evaluated the elastic—plastic stability
of bilayer conical shell panels subjected to
compressive and pressure loading with simple
support conditions. The joined spherical-conical-
cylindrical shells with multiple annular plates were
mentioned by Huang et al. [14] in vibration
response problems using the FSDT, spectro-
geometric method, and Ritz method.

Given the widespread application of
functionally graded material (FGM) structures in
advanced technologies, the buckling and vibration
behavior of FGM plate and shell structures have
garnered considerable attention in recent research.
Among the prominent studies to investigate the
effects of various boundary conditions, Sofiyev [15,
16] presented the analytical approach for the linear
buckling of FGM conical shells. In subsequent
works, the same author [17, 18] explored the
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nonlinear buckling behavior of these shells under
axial compression, including the effects of Winkler—
Pasternak elastic foundations. His linear analyses
are typically based on modified Donnell-type
equations solved via the Galerkin method to derive
closed-form solutions for bifurcation-type buckling
loads and natural frequencies, while the nonlinear
studies employ large-deflection theories
incorporating von Karman—Donnell-type geometric
nonlinearity. Further contributions include Naj et al.
[19], who analyzed thermal and mechanical
instabilities using first-order Love—Kirchhoff shell
theory coupled with Sanders’ nonlinear kinematic
equations. Bich et al. [20] derived linearized
stability equations based on classical shell theory
to study the mechanical buckling of FGM conical
panels, applying the Galerkin method for explicit
buckling load solutions. Malekzadeh and
Heydarpour [21] investigated the free vibration
behavior of rotating truncated FGM conical shells,
considering the combined effects of geometric and
material parameters as well as centrifugal and
Coriolis  forces, utilizing first-order shear
deformation theory. It is important to note that these
aforementioned studies primarily focus on
unstiffened structures. However, in practical
applications, shell elements—particularly conical
ones—are often reinforced with stiffening systems
to increase load-bearing capacity with minimal
additional weight. Recognizing this, Crenwelge and
Muster [22] adopted an energy-based method to
determine the natural frequencies of ring-stiffened
and combined ring-and-stringer-stiffened conical
shells under simple support conditions. Mustaffa
and Ali [23] employed structural symmetry
techniqgues to study the free vibration
characteristics of both cylindrical and conical
stiffened shells. Additionally, Tornabene [24] and
Tornabene et al. [25] presented comprehensive
vibration analyses of FGM conical, cylindrical, and
annular shell structures using a four-parameter
power-law distribution, all within the framework of
first-order shear deformation theory.

200



JSTT 2026, 6 (1), 199-214

In recent years, nanocomposite materials,
particularly those reinforced with carbon-based
nanofillers such as carbon nanotubes (CNTs) and
graphene platelets (GPLs), have emerged as
promising candidates for enhancing the
mechanical and thermal performance of advanced
composite structures. Using the discrete singular
convolution method, Mirzaei and Kiani [26]
investigated the thermal buckling behavior of
carbon nanotube-reinforced nanocomposite
conical shells subjected to uniform temperature
rise. In related studies, Ansari et al. [27, 28]
determined the critical axial buckling loads of
functionally graded carbon nanotube-reinforced
composite (FG-CNTRC) truncated conical shells
and panels. Hosseini and Talebitooti [29] further
contributed by analyzing the mechanical buckling
of FG-CNTRC conical shells using the GDQ
method, considering the shear deformation effects.
Extending the scope to functionally graded
graphene platelet-reinforced composite (FG-
GPLRC), the nonlinear buckling of FG-GPLRC
cylindrical shells was studied with orthogonal
stiffeners and Ritz energy method [30], spiral
stiffeners and Galerkin method [31]. Kiani [32],
Ansari et al. [33], and Mahani et al. [34] carried out
analyses on the buckling and postbuckling
behavior of FG-GPLRC conical shells under
loading conditions, including external
pressure, axial compression, and thermal
environments. Yang et al. [35] explored the
nonlinear dynamic response of FG-GPLRC
sandwich conical shells with variable thickness,
incorporating internal resonance effects through
the use of first-order shear deformation theory
(FSDT) and the Galerkin method. Heydarpour [36]
conducted thermoelastic analyses of rotating FG-
GPLRC conical shells under thermal shock
conditions, applying a hybrid approach based on
transformed differential quadrature and NURBS
techniques. Additionally, Saboori and Ghadiri [37]
examined the nonlinear vibration characteristics of
porous FG-GPLRC conical shells, accounting for

various
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both internal and external resonance phenomena
using FSDT in conjunction with perturbation
methods. On the nano scale, the flexoelectric effect
was investigated in the buckling problems of
variable thickness cracked nanoplates [38] using
phase-field theory.

To the best of the authors’ knowledge, the
nonlinear thermal buckling behavior of FG-GPLRC
conical shells embedded in a nonlinear elastic
foundation has not yet been addressed in existing
literature. Motivated by this gap, the present work
proposes an analytical framework to study the
thermal buckling and postbuckling responses of
such shells, employing Donnell-type shell theory in
conjunction with  von Karman geometric
nonlinearity. Fundamental relations involving
strain—displacement, stress—strain behavior, and
internal forces and moments are systematically
derived. The total potential energy associated with
both buckling and postbuckling states is
formulated, and the Ritz energy method is
subsequently applied to obtain the corresponding
nonlinear load—deflection equations. A
comprehensive investigation  is
conducted to assess the influence of key geometric
dimensions, material gradation patterns, and
foundation stiffness parameters on the thermal
stability characteristics of FG-GPLRC conical
shells, thereby validating the effectiveness and
applicability of the proposed approach.

numerical

2. Geometrical and material properties of FG-
GPLRC conical shells

Consider an FG-GPLRC conical shell
surrounded by a nonlinear elastic foundation. The
geometry of the shell is shown in Fig. 1, where h is
the shell thickness, o is semi-top angle, L is the

length and R, and R, are small and large base

radii. The FG-GPLRC conical shell is placed in the
curvilinear coordinate system (x,6,z) with the

origin placed at the mid-plane. Additionally, x, is

defined to be the distance from the top to the small
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base, and u,v and w respectively denote the
displacements of a point in the mid-plane in the
directions x,6 and z.

The mass fraction of GPL is designed in
three distribution patterns, including UD, FG-X, and
FG-O. The extended Halpin-Tsai model can be
used to predict the effective elastic modulus, as
[30-33]

E(z)=
31+ G58\Vor (2) 51+C,8,Vor (2) E 1)
8 1-8Vgr (2) ™ 8 1-8,Vg (z2) ™

where
~ (Egp/Ey) -1 _ (Egp /En) -1
1_(EGPL/Em)+C1, 2_(EGPL/Em)+§2’ (2)

G = 2(aGPL/tGPL)’ G = 2(bGPL/tGPL)’
with E_and Eg, are the elastic moduli of the
matrix and GPL, respectively; agy , bgp, tep are

the denotes of the length, width, and thickness of
GPL, respectively, and the volume fraction of the
GPL is presented by V,, , as
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_ WapL
WoepL + (PepL/Pm) (1 ~ WerL ) ’

where V_ + Vg, =1; the densities of the matrix

Vor (2) (3)

and the GPL are p,, and pg,, , respectively, W

is the mass fraction of GPL along the shell
thickness (Fig. 2), designed as

WGPL (Z) =
-h h
W for —<z<-— uD,
GPL 2 2
_ (4)
4BWGPL for -h <z< h FG-X,
h 2 2
2 _
2 1—ﬂ Wy, for —hSZsE FG-O,
h 2 2

where the total GPL mass fraction is denoted by
WGPL -

According to the mixture rule, the Poisson
ratio and thermal expansion coefficient can be
estimated by

v (Z) =Vm (1 — VerL ) +Vap VorLs

a(z) =0a, (1 — Vert ) + Olgpy Vopr -

()

N
H )

Fig. 1. Configurations and geometrical parameters of FG-GPLRC conical shells

ubD

—

FG-X

FG-O

Fig. 2. GPL distribution patterns of FG-GPLRC
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3. Theoretical formulations

The strains of the conical shells according to
the Donnel shell theory with nonlinear large
deflection theory at a distance of z from the mid-
plane can be written by [16]

=2ZK, +€4,,€y = ZKy + €0gs Vo = ZKs0 + Yoxo» (6)
where (7)
B 1( 8 ’
aOX—aXu( 6)+§(&w(x,9)j :
0
_%V(X 9)+ (x e)+w(x,6)cot( )
® " xsin(a) X X
a 2
1(8@ (X’e))
2 xz(sin(oc))2 ’
0
—-u(x,0)
_ (x0) &
Yo xsin(o) X +axv(x,9)
0
2 wx0)| Sw(xo)
xsin(a)
62
K, = —yw(x 0),
0? 0
N @w(x,e) _&w(x,e) .
oy (sin(OL))2 X ’
02 0
__28x69 w(x,0) 2%w(x ,0)
xsin(a) x?sin(a)

Hooke's law is used for the FG-GPLRC
conical shells, considering the thermal strains, as

o, =Q(g, —~ AT, ) +Q,, (g, —ATa,),
0, =Q,, (e, — AT, )+ Q,(g, — ATa,), (9)
Tyo = Qg6 Vo0

where AT is the uniformly distributed thermal load,
and the reduced stiffnesses are presented as

E*(2) v(2)E*(2)
o Qu=—""5
1-v (Z) 1-v (Z)

E(2)

Qp=——"—.

% 2[1 +v (z)]

Q11 = Q22 =
(10)
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The internal forces and moments of the FG-
GPLRC conical shells are determined by
integrating Hooke's law, obtained as
N, =Aq8x + App8ge + By, + By — @ AT,

N, = A€o, +Aeh +Bak, +Byk, —0,AT, (1)
Ny = AgsVoxo T Bes K

66 "“x0?
M, =B &0, +Biy8g0 + Dy, + Dy — @y, AT,
M, =B,,&,, +B,,¢,, +D,,x, +D,, 1, —D,,AT, (12)

M,y =Bas Yoxo + Des

66 "x0?

where the stiffnesses are determined by
h/2

(A,B,.D) jQ

ijr =iy
-h/2

The thermo-elastic strain energy of the FG-

(1z.2%)dz,(ij=126) (13)

GPLRC conical shells can be calculated as

q %otk 2z ni2 GX( % AT)
=_ 0 —OL,AT) |x
x{ I I 2AT) (14)
x6yx6
xsin(a)dzdedx.

The work done by the shell-foundation
interaction, presented as

[(K,w+ ]
WX
W+ —
Xo+L 27 XX X x
U= | [[|Ks LW dodx
X 0 -
x? (sin (a))2 (15)
_w(x,e).x.sin(a) |

1 Xo+L 27

+g _[ j (K3.(w (x, 6))4 X.sin (oc))dedx,

Xo O
where K, (N/m?), K, (N/m), and K, (N/m®) are the

stiffnesses of Winkler, Pasternak, and nonlinear
models, respectively.

In this paper, the nonlinear thermal buckling
behavior of FG-GPLRC conical
considered with the assumption of simply
supported and immovable at both ends. The
corresponding boundary conditions are expressed
as
u=v=u=0,M, =0 at x=x,,x=x, +L. (16)

shells is
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The approximate solutions of the
displacements and deflection chosen to satisfy the
boundary condition (16), and the closed
circumferential condition of shells are proposed by

u=Usin£MJsin(ne),
v =Vsin[MJsin(2ne), (17)

w=W sin(M)sin(ne).

The total potential energy is obtained as
A=U,-U_. (18)

By using Egs. (9, 11,12, 14, 15, 17), the total
energy expression in Eq. (18) can be rewritten with
respect to the displacements u and w . Then, the
approximate displacements and deflection in Eq.

(18) are substituted into the resulting total potential
energy. The Ritz energy method can be applied, as

A_OA_OA_, (19)
o oV oW

leads to

Ub, + Wb, = 0, (20)
W?b, + Vb, =0, (21)

Web, + VWb, + Wb, AT +Ub, + Wby, =0,  (22)

where the coefficients b, are presented in the
Appendix.

The displacement amplitudes U and V can
be obtained from Egs. (20) and (21), as

u:_V\ébz, (23)
1
2

vz—V\Lb?’. (24)
4

Substituting displacement amplitudes U and
V from Egs. (23) and (24) into Eq. (22), the
thermal postbuckling expression can be obtained
by
AT=T,W?+T,, (25)
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where
_ b3 be — b4 b5
b,b,

_ —b,b,b, +b,b,b,

T :
1 z b,b,b,

(26)

The bifurcation thermal buckling load of
shells can be determined from Eq. (25) by applying
W -0, as

Ty =To. (27)
The thermal buckling load T, depends on

the m and n values. By minimizing the thermal
buckling load with respect to m and n, the critical
thermal buckling load T_ can be obtained.

4. Results and discussions

The critical thermal buckling loads for the
FGM conical shells are investigated to validate the
present approach in Table 1. The present results
are compared with those of Sofiyev [15], who
applied the modified Donnell shell theory and
Galerkin method. As can be observed, good
agreements are observed in these comparisons. In
this paper, the temperature-independent material
properties of Copper/GPL FG-GPLRC can be
referred to in the previous report of Wang et al. [39].
Effects of GPL distribution patterns and semi-top
angle on the critical thermal buckling load of FG-
GPLRC conical shells are investigated in Table 2.
The results indicate a clear dependence of the
buckling performance on both the material
distributions and the shell geometry. Among the
three distribution types, the FG-X pattern
consistently exhibits the highest critical thermal
buckling loads, followed by the UD and FG-O
configurations. This superior performance of FG-X
can be attributed to the concentration of GPL near
both the inner and outer surfaces of the shell,
where the stress
significant under thermal loading. In contrast, the
FG-O distribution, which accumulates GPLs near

levels are typically more

the mid-plane, demonstrates the lowest buckling
resistance, suggesting a less efficient
reinforcement strategy for stability enhancement.
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Furthermore, an increase in the semi-top angle
generally leads to a rise in the critical buckling
temperature for all distribution patterns. For
instance, when the semi-top angle increases from
10° to 20°, the buckling load increases significantly

K.Q. Thai et al

beneficial role of geometrical tuning in thermal
stability optimization. In addition to these
observations, it is also noteworthy that the buckling
mode numbers, denoted in parentheses in Table 2,
vary with both the GPL distribution and geometric

across all material configurations, emphasizing the parameters.
Table 1. Comparison of critical thermal buckling load T, (°C) of FGM conical shells with those of Sofiyev

[15] (Without foundation, E,, =70GPa, o =2.3x10°K", E, =380GPa,a, =7.4x10°K" R =0.25m)

g R/h=100 R/h =200
’ Sofiyev [15] Present % Sofiyev [15] Present %
10° 2 426 423.748 0.53 213 211.767 0.58
3 410 411.539 0.37 205 205.358 0.17
15° 2 451 474.427 4.94 226 237.166 4.71
3 434 460.684 5.79 217 229.806 5.57

Table 2. Effects of GPL distribution patterns and semi-top angle o on the critical thermal buckling load

T,, (K) of FG-GPLRC conical shells (h=2mm, R, =100h, H=2R,, K, =2x10"N/m’, K, =10°N/m)

FG-X uD FG-O
a=10° 344.176 (13;1) 327.840 (13;3) 311.883 (13;5)
o =15° 384.509 (14;1) 366.260 (14:3) 348.466 (14:4)
o =20° 446.670 (15;2) 425.246 (16;1) 404.190 (16;2)

* The buckling modes (m;n)
Table 3. Effects of R, /h ratios on the critical thermal buckling load T, (K) of FG-GPLRC conical shells
(h=2mm, o = 10°,H=2R,, K, =2x10"N/m*, K, =10°N/m)

R,/h FG-X uD FG-O

100 344.176 (13;1) 327.840 (13;3) 311.883 (13;5)
150 233.334 (15;6) 222.432 (16;3) 211.821 (16;5)
200 177.809 (18;3) 169.682 (18;6) 161.694 (19;3)

Table 4. Effects of foundation parameters on the critical thermal buckling load T, (K) of FG-GPLRC
conical shells (h=2mm, R, =100h,H=2R,,a =10°)
FG-X ub
332.185 (13;1) 315.896 (13;3)
344.176 (13;1) 327.840 (13;3)
356.288 (13;1) 339.901 (13;3)

FG-O
299.872 (13;5)
311.883 (13;5)
324.004 (13;5)

K, =K, =0
K, =2x107 NIm?, K, = 1x10° N/m
K, =3x107 NIm?, K, = 2x10° N/m

buckling load for FG-GPLRC conical shells with
different GPL distribution patterns. As R,/h

increases from 100 to 200, a significant reduction

Table 3 illustrates the effect of the geometric
slenderness, represented by the radius-to-

thickness ratio R,/h, on the critical thermal
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in the critical buckling temperature is observed
across all distribution types. This inverse

relationship between R,/h and the buckling load

can be attributed to the decrease in shell stiffness
associated with increasing slenderness.
Specifically, as the shell becomes thinner relative
to its radius, it becomes more susceptible to
instability under thermal loading. This trend is
consistent with a real phenomenon, where
increased slenderness generally reduces the
structure’s capacity to resist deformation. Among
the three distribution patterns, the FG-X
configuration consistently outperforms the UD and

FG-O counterparts at all R,/h values, reaffirming
the earlier conclusion regarding the superior
reinforcement efficiency of the FG-X gradation.
However, it is worth noting that the rate of
degradation in  buckling performance with
increasing R,/h is relatively uniform across all

configurations, suggesting that material distribution
has a dominant effect at lower R, /h values, while
geometric slenderness becomes the controlling
factor at higher ratios. Furthermore, the
accompanying mode numbers indicate shifts to
higher circumferential and axial wave numbers as
R2/h increases, reflecting a transition to more

complex buckling patterns in slender shells. This
mode evolution underlines the increasing
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geometric sensitivity of the system as the shell
becomes thinner, which must be carefully
considered in design applications.

Table 4 investigates the influence of the
elastic foundation parameters, specifically the
Winkler and Pasternak stiffness coefficients, on the
critical thermal buckling load of FG-GPLRC conical
shells with three different GPL distribution patterns.
The results clearly demonstrate that increasing the
stiffness of the foundation leads to a substantial
enhancement in thermal buckling resistance
across all configurations. In the absence of

foundation support (K, = K, =0), the shells exhibit

the lowest critical buckling loads. Introducing a
linear elastic foundation (K, = 2x10” N/m3, K, =

1x10° N/m) leads to a notable increase in the
buckling load. Further increasing the foundation
stiffnress (K, = 3x10”7 N/m3, K, = 2x10°% N/m)
amplifies this stabilizing effect. This trend highlights
the crucial role of the surrounding medium in
constraining the lateral and shear deformations of
the shell, thereby improving its overall stability
under thermal loading. It is also important to note
that the buckling modes remain constant across
different foundation parameters within each
material configuration. This consistency suggests
that while the foundation significantly increases the
buckling threshold, it does not fundamentally alter
the dominant buckling mechanism under thermal
loads.

Table 5. Effects of mass fraction W, on the critical thermal buckling load T, (K) of FG-GPLRC conical
shells (h =2mm,a =10°,H=2R,,R, =100h,K, =3x10"N/m?, K, =2x10° N/m)

Wip, FG-X uD FG-O

0.1% 339.592 (13:2) 335.589 (13;3) 331.610 (13:3)
0.3% 348.307 (13:1) 337.532 (13;3) 326.917 (13:4)
0.5% 356.288 (13;1) 339.901 (13;3) 324.004 (13;5)

Table 5 explores the sensitivity of the critical
thermal buckling load of FG-GPLRC conical shells
to variations in the total mass fraction of GPL W,

for three different material distribution patterns. The
mass fraction values considered range from 0.1%
to 0.5%, reflecting practical reinforcement levels in

advanced composite design. The results show a
consistent and monotonic increase in the critical
thermal buckling load as the GPL mass fraction
increases, regardless of the distribution type. This
enhancement is a direct consequence of the
improved stiffness of the composite due to the
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inclusion of highly rigid GPLs. As the mass fraction
rises, the overall elastic modulus of the functionally
graded composite increases, thereby elevating the
shell’s resistance to thermally induced instability.
Additionally, minor variations in the associated
buckling mode numbers indicate that increasing
the GPL content slightly influences the buckling
pattern, particularly for the FG-O configuration,
which transitions across modes more frequently as
the reinforcement changes. This mode
sensitivity could be attributed to the more uniform
or mid-thickness GPL distribution, which provides
less targeted stiffening. Table 6 presents the

level

influence of shell thickness h on the critical thermal
buckling load of FG-GPLRC conical shells for three
distinct GPL distribution patterns. The values of
thickness considered, including 1 mm, 2 mm, and
3 mm, span a practical range for thin-walled conical
structures used in aerospace and mechanical
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applications. As expected, increasing the shell

thickness leads to a substantial and nearly
proportional rise in the critical thermal buckling
load. This trend can be attributed to the fact that
thicker shells possess greater bending stiffness
and thermal resistance, which in turn enhance their
capacity to withstand compressive thermal
stresses without undergoing instability. Specifically,
the critical load for the FG-X shell increases from
approximately 190.29K at h=1 mm to over
506.25K at h=3 mm, representing a performance
gain of more than 160%. Interestingly, changes in
the associated buckling mode numbers across
thicknesses indicate that not only does the thermal
stability improve, but the shell may also transition
to lower-order buckling modes as it becomes stiffer.
This shift suggests a qualitative change in the
buckling behavior that must be accounted for in

design and analysis.

Table 6. Effects of shell thickness h on the critical thermal buckling loads T_, (K) of FG-GPLRC conical
shells (oc =10°,H=2R,,R, =0.2m, W, =0.5%,h =2mm,K, =2x10’ N/m?, K, =10° N/m)

h FG-X ub FG-O
1mm 190.289 (18;3) 182.094 (18;6) 174.150 (19;3)
2mm 344.176 (13;1) 327.840 (13:3) 311.883 (13;5)
3mm 506.246 (10;4) 482.012 (10;5) 457.650 (11;2)
410 7 ——1:FG-X 350 T — L W= 0.1%
-=-=2:UD -—==2: WGPL:0-3%
—3:FG-0 — 3 W =0.5%

380 -

AT (K)
(%)
g
=
%
\
\
N e
\

AT (K

-
R

320 —_/3

290 T

Conical shell

a=10° /=2mm

W(,‘p]‘: 5%, Rz = IOOh, H= 2R2
K,=105N/m, K, =2x10" N/, K;=0

0 0.1 02 03 04 0.5

Wih

(a)

345 ~

Conical shell, UD
H=2R, , h=2mm
a=10° R,= 100k

3
340 —"

-

K,=2x105 N/m, K, = 3x107 N/n?, K;=0

335

0 0.05 0.1 0.15 0.2
Wk

(b)

Fig. 3. Effects of GPL distribution patterns and GPL mass fraction on the thermal postbuckling of FG-
GPLRC conical shells

Fig. 3 illustrates the thermal postbuckling
response of FG-GPLRC conical shells, focusing on

the influence of GPL distribution patterns and mass
fraction levels. The plots provide insight into the
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nonlinear load—deflection characteristics beyond
the critical buckling point, which is essential for
assessing structural safety under increasing
thermal environments. In Fig. 3(a), the comparison
among the three GPL distribution patterns, FG-X,
UD, and FG-O, clearly shows that the FG-X
configuration not only results in the highest critical
thermal buckling load but also sustains a more
stable postbuckling path with relatively lower
deflection growth under increasing thermal load.
This improved postbuckling performance can be
attributed to the optimal reinforcement distribution
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in the FG-X scheme, which places GPLs near the
shell surfaces where thermal bending effects are
most  significant; in contrast, the FG-O
configuration exhibits the weakest postbuckling
response. Fig. 3(b) demonstrates the effect of
increasing the total GPL mass fraction on the
postbuckling behavior. Higher mass fractions of
GPL lead to both elevated critical buckling
temperatures and stiffer postbuckling paths. This
behavior reflects the enhancement of overall
structural rigidity and thermal resistance due to the
increased GPL reinforcement.
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Fig. 4. Effects of geometrical parameters on the thermal postbuckling of FG-GPLRC conical shells

Fig. 4 provides a comprehensive
visualization of how key geometrical parameters
affect the thermal postbuckling behavior of FG-
GPLRC conical shells. These parameters include
the semi-top angle, the radius-to-thickness ratio
Rz/h, and the shell length, all of which have a

profound influence on the structural stiffness and
deformation characteristics under thermal loading.

In Fig. 4(a), the semi-top angle is varied. An
increase in the semi-top angle results in an upward
shift of both the critical buckling temperature and
the postbuckling path. Larger semi-top angles
correspond to more "open" conical geometries,
which provide greater resistance to circumferential
compressive stresses and thus enhance overall
stability. Figs. 4(b) and 4(c) examine the effect of
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increasing the R, /h ratio and shell thickness h. As
observed, higher R,/h values or smaller shell

thickness (i.e., thinner shells relative to their radius)
lead to a significant drop in both the buckling load
and the postbuckling stiffness.

Additionally, the postbuckling curves for
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higher R,/h values or smaller h display shallow

slopes, indicating increased sensitivity to further
thermal loading and a higher risk of structural
failure. Fig. 4(d) presents the influence of shell
length. Longer shells tend to have weaker buckling
resistance.
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Fig. 5. Effects of foundation parameters on the thermal postbuckling of FG-GPLRC conical shells

Fig. 5 depicts the thermal
responses of FG-GPLRC conical shells with
varying foundation stiffness parameters. The
analyses focus on both the linear (Winkler and
Pasternak) and nonlinear elastic foundation
components to evaluate their contributions to the
structural behavior under elevated thermal loading.

postbuckling

In Fig. 5(a), the influence of increasing Winkler (K,

) and Pasternak (K,) stiffness is clearly

demonstrated. The presence of an elastic
foundation substantially raises the critical thermal
buckling temperature and enhances the
postbuckling stiffness of the shell. This is due to the
foundation providing additional restoring forces
against lateral and shear deformations, effectively
improving the shell's structural stiffness. Fig. 5(b)
examines the contribution of nonlinear foundation
stiffness (K,;). As the stiffness

component increases, a further improvement in the
postbuckling response is observed. The nonlinear
foundation introduces a displacement-dependent
resistance, which becomes more pronounced at
larger deformations, thus mitigating the

nonlinear

postbuckling growth in deflection. Conversely, the
thermal critical buckling load is not affected by the
increase in the nonlinear foundation parameters.
Finally, the bifurcation phenomenon is observed;
conversely, the snap-through phenomenon is not
obtained in all investigated examples.

5. Conclusions

An analytical approach has been developed
to investigate the nonlinear thermal buckling and
postbuckling behavior of FG-GPLRC conical shells
resting on nonlinear elastic foundations. The
theoretical formulation is based on Donnell shell
theory combined with von Karman geometric
nonlinearity and employs the Ritz energy method
to derive thermal load—deflection relationships. Key
conclusions from the study are as follows:

1. Among the studied patterns, the FG-X
distribution consistently provides superior thermal
buckling resistance and enhanced postbuckling
stiffness, owing to the distribution of GPLs near the
shell surfaces where stress concentrations are
highest.

2. Increasing the semi-top angle and shell
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thickness significantly improves both the critical
thermal buckling load and postbuckling
performance, while higher radius-to-thickness

ratios (R,/h) and longer shell lengths reduce

thermal stability due to increased slenderness and
flexibility.

3. An increase in the total mass fraction of
GPLs results in a substantial enhancement in
thermal buckling resistance and structural
stiffness. The effect is more pronounced for
configurations ~ with  concentrated  surface
reinforcement.

4. Incorporating elastic foundations, both
linear and nonlinear, raises the critical thermal
buckling temperature and improves postbuckling
behavior. In contrast, the nonlinear foundation
stiffness, being associated with postbuckling
deformation, has no effect on the critical buckling
load but plays a crucial role in enhancing the
postbuckling stability by providing displacement-
dependent resistance.

Overall, this study highlights the importance
of material property, structural geometry, and
foundation modeling in enhancing the thermal
stability of advanced composite shell structures.
The proposed analytical framework can serve as a
foundational tool for further parametric studies and
design optimization in aerospace, mechanical, and
marine engineering applications.
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