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Abstract: This study focuses on analyzing the nonlinear post-buckling
response of shallow spherical shells and circular plates resting on a nonlinear
elastic foundation and subjected to combined mechanical and thermal loads.
The spherical shell or circular plate is made of 3D graphene foam material and
is stiffened by a spider-web stiffener system, which is also composed of 3D
graphene foam. The fundamental formulations and governing equations are
derived based on Donnell’s shell theory, incorporating von Karman geometric
nonlinearity. The stiffness components of the stiffened plate/shell structures are
determined using the extended stiffener-smearing technique. By employing the
stress function approach and the Ritz energy method, analytical expressions
for the load-deflection relationship are obtained. Numerical examples are then
carried out to investigate the post-buckling behavior of the stiffened shallow
spherical shells and circular plates under the influence of material, geometric,
and foundation parameters.

Keywords: Thermo-Mechanical Post-Buckling, 3D graphene foam, Spiderweb
stiffener, Spherical shell, Circular plate.

1. Introduction

Circular plates (CiPIs) and shallow spherical
shells (SSpShs) are widely used
scientific and engineering fields. Their geometric
symmetry enables uniform stress distribution and
provides excellent resistance to buckling, making

them suitable for applications such as dome roofs,
radar covers, pressure vessels in spacecraft, and
fuel tank caps [1-3]. The static and dynamic
behaviors of SSpShs and CiPIs have been
extensively investigated by numerous researchers
worldwide. Among the earliest works, Kalnins and

in various
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Naghdi [4], Grossman et al. [5], and
Sathyamoorthy [6] focused on the vibration
analysis of isotropic SSpShs based on various
models and theories. The stability of SSpSh with
dynamic boundary conditions accounting for line
tension was analyzed by Abels et al. [7]. The
nonlinear axisymmetric bending analysis of CiPls
was investigated by Li et al. [8] using the strain-
gradient theory and differential quadrature method.
By using the first-order shear deformation theory
(FSDT), the dynamic and static behavior of
hyperelastic CiPls was studied by Najafipour and
Shariyat [9] under pressurized and blasted loads.

The functionally graded material (FGM)
SSpShs and CiPIls have been studied using
different analytical and numerical methods. By
employing the FSDT and Ritz method, Kiani [10]
studied the static and dynamic snap-through
buckling responses of FGM CiPls. Ahmadi and
Foroutan [11] investigated the nonlinear dynamic
buckling responses of porous FGM SSpShs.
Based on the Timoshenko-Mindlin hypothesis, Fu
et al. [12] investigated the transient deformation of
FGM SSpShs. By applying the Galerkin method
and FSDT, Anh and Duc [13] analyzed the
nonlinear thermo-mechanical stability of thick S-
FGM SSpShs, Phuong et al. [14] studied the
nonlinear forced vibration problem of the sandwich
FGM SSpShs. Zhou et al. [15] studied the
axisymmetric vibration behavior of the FG
piezoelectric CiPlIs by applying the quadrature-free
method. The HSDT and Ritz method were also
used by Ly et al. [16] to analyze the nonlinear
buckling behavior of sandwich FG SSpShs.
Various boundary conditions were investigated,
and the nonlinear thermally shocked responses of
FG SSpShs were analyzed by applying the DQM
and Newmark procedure [17].

Recentlyy, a new advanced composite
material, namely functionally graded graphene-
platelet-reinforced composite (FG-GPLRC), has
shown great potential in applications. The linear
buckling behavior of FG-GPLRC CiPIls was
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investigated by Chien and Phuc [18] using HSDT
and moving Kriging meshfree method. Liu et al.
[19] studied the linear and nonlinear free vibration
problems of FG-GPLRC SSpShs and CiPls using
3D elasticity theory. Chu et al. [20] and Javani et al.
[21] considered nonlinear vibration and dynamic
stability responses of the FG-GPLRC CiPlIs using
Donnell shell theory, FSDT, and HSDT,
respectively. By using the energy method and
displacement approach, Tu et al. [22] investigated
the nonlinear dynamic thermo-mechanical buckling
and vibration of FG-GPLRC CiPIs and SSpShs.
The stability and post-buckling responses of FG-
GPLRC SSpShs, and FG-GPLRC SSpShs with a
porous core, were separately investigated by
Phuong et al. [23] and Ly et al. [24]. Their studies
employed HSDT and the Ritz energy method.
Porosities are introduced into the FG-GPLRC
through various distribution laws, forming a new
composite known as 3D graphene foam. This
material integrates the superior in-plane stiffness of
graphene with ultralight porous scaffolds, resulting
in high specific stiffness, excellent thermal
conductivity, and promising applications in energy
absorption, heat dissipation, and lightweight
reinforcement [25, 26].

Khatounabadi and Jafari [27] presented the
low-velocity impact analysis of 3D graphene foam
CiPIls based on FSDT and Hamilton's principle.
Using the Galerkin method, Tu et al. [28]
investigated nonlinear buckling and post-buckling
behavior of 3D graphene foam shallow complex
curved caps and CiPls.

The addition of stiffeners offers an efficient
way to enhance the strength of shells and plates.
The smeared stiffener method, developed initially
by Lekhnitskii [29] and later extended by Jaunky et
al. [30], has become a cornerstone of analytical
stiffened panel design. The use of stiffeners for
plate/shell structures has been shown to have
many outstanding advantages [31, 32].

Studies on the nonlinear stability and
dynamics of plates and shells reinforced by
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stiffener systems with variable mechanical
properties of nanocomposite materials have been
carried out by Nam et al. [33-36]. The application
of stiffener systems to SSpShs presents difficulties
due to the non-uniform spacing between adjacent
radial stiffeners. Consequently, the implementation
of Lekhnitskii’s classical homogenization technique
for stiffener action becomes challenging. By
expanding  Lekhnitski’'s smeared  stiffener
technique and employing the Ritz energy method,
Nam et al. [36] presented a new analytical
approach for the static stability problems of
SSpShs and CiPIs reinforced by spiderweb
stiffeners.

In addition, the common point of most
previous studies on the mechanical behavior of
SSpShs and CiPIs is to use the displacement
approach to solve the problem. In contrast,
employing the stress-function approach naturally

GFI/GFI

GFII/GFII
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satisfies the equilibrium conditions and significantly
reduces the number of governing equations. This
provides a more compact and efficient framework
for analyzing the nonlinear buckling and post-
buckling behavior of the structures. Therefore, in
this study, a new stress-function approach is used
to analyze the nonlinear stability of stiffened 3D
graphene foam SSpShs and CiPls subjected to
thermal-mechanical loads. The basic formulas and
equations are established based on the Donnell
thin-shell theory and von Karman's geometric
nonlinearity. By using the stress-function approach
combined with the Ritz energy method, the load-
deflection relationships are obtained. The effects of
3D graphene foam, stiffeners, and geometric
parameters on nonlinear post-buckling responses
are investigated.

2. Configuration and material properties of
stiffened 3D graphene foam SSpSh

DS6-0-6-0-6-4 S 60 0-0-6-0-0-8

GFIII/GFIII

Fig. 1. Configuration, coordinate system, and material distributions of SSpSh and stiffeners

An axisymmetric deformable SSpShs made
from 3D graphene foam, resting on a Pasternak
elastic foundation, is shown in Fig. 1. This shell has

the thickness h, a radius of shell curvature R and
base radius R,. The SSpSh is under the time-

dependent external pressure load q, which is
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uniformly distributed on the inner surface of the
structure. The SSpSh is defined in the coordinate
system (¢,6,z), where ¢ and 6 denote the radial
and circumferential directions, respectively, and z
is the concentric coordinate. The radius of the
parallel of latitude can be defined as r=Rsing.
According to the shallow shell assumption of the
SSpSh, the cosp=~1 and

Rde ~dr can be used to introduce the simpler

approximations

coordinate system (r,6,z) as illustrated in Fig. 1. A

radial and circumferential spiderweb stiffener
system is used to reinforce the SSpSh.

Note that the governing equations are
established for the SSpShs, and those of the CiPls
are determined by approaching the main radius of
curvature to infinity R — oo .

The 3D graphene foam spherical shells
resting on the nonlinear elastic foundation are
considered to be axisymmetrically deformed. The
shells are subjected to external pressure loads q

and/or thermal loads AT . The shells are stiffened
by radial and circumferential 3D graphene foam
stiffeners. As illustrated in Fig. 1, the shells are
placed in the (¢,0,z) coordinate system, and the
simpler quasi-polar coordinate system (r,0,z) is
introduced.

The 3D graphene foam is used to make both
the shell skin and spiderweb stiffeners. To ensure
material continuity for the shell skin and stiffeners,
three shell/stiffener material distribution patterns
were considered, respectively: GFI/GFI, GFII/GFII,
GFII/GFlII, as shown in Fig. 1.

The effective properties of the 3D graphene
foam shell and stiffeners are assumed to be in the
following forms [37]:

- For the shell (-h/2<z<h/2)

E.[1-e48(2)] GFI
ES (2)=4E, {1-€,[1-8,(2)]}  GFI (1)
E.es, GFIIl
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Var (Z) = Vy, Ol (Z) = Ops (2)
P [1-€1d1 (2)] GFlI
P (2)=1p, {1 —&,,[1-8,, (z)]} GFII (3)
Presr GFIII

- For the stiffeners (h/2<z<h/2+h)

E,, [1-€n,0n, (2)] GFI
E: (2)=1E,, {1-€a, [1-04, (2)]} GFI (4)
E,. €. GFlIl
P, [ 1-8, B, (2)] GFI
Par (Z) =1 Pn, {1 - éZhsl |:1 — 04, (Z):'} GFll (5)
P, Ean, GFIIl
Ve (2)= v, ag (2) = o, (6)
with 8, (z)= cos[ r(2z-h-h, )} ,
st 2hst

nz _
51h(z)=cos(Fj; e, e, and e,, e, (j=1,2,

3) are the porosity coefficients and mass density
coefficients, respectively; h and h_, are the SSpSh

thickness and height of stiffeners, respectively, p, ,
E., v, and o, (k=h,h,) are the mass density,

elastic modulus, Poisson’s ratio, and thermal
expansion coefficients of the shell (for k=h) and
the stiffeners (for k=h,) without porosities,
respectively.

According to the extended Halpin-Tsai
model, the predicted elastic modulus of FG-
GPLRC is calculated by [37]

- For the shell

E., (Z) :E?Mx

{3 [1 + a1b1VGPLsh (Z)] 5[1 + a2b2VGPLsh (Z)]} "
+ ’

1- b1VGPLsh (Z) 1- bZVGPLsh (Z)

- For the stiffeners
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E, (Z) :E?Mx

8
3[1+ab,Vep,(2)] N 5[1+a,b,Vep . (2)] 8)
1-b, Ve (Z) 1-b,Vepi (Z) 1

where E,, is the elastic modulus of the matrix,

and
a, = Z(YGPL/hGPL)’ a, = 2(}\‘GPL/hGPL)’

b, = [(EGPL/EM)_1]/[(EGPL/EM)+31:|’ 9)
b. =

2 [(EGPL/EM)_1]/[(EGPL/EM)+a2:|’

where ygo , Agp @nd hg, are the length, width,
and thickness of the GPL; and E,, is the elastic
modulus of the GPLs.

The effective thermal expansion coefficient
and Poisson ratio are determined using the mixed
rule, as follows
- For the shell

gn (Z) =0y (1 — VepLsh ) + Olgpy Vopishs

(10)
Vsh (Z) =Vm (1 — VerLsn ) + Vapr Vopishs
- For the stiffeners
Olgt (Z) =0y (1 — VerLs ) + Ogp Voprsts (1)

Vst (Z) =Vm (1 — VerLat ) + Vap VapLat:
where a,,, ag, and vy, vg, are the thermal

expansion coefficient and Poisson ratio of the
matrix and GPL, respectively.
and V,

The GPL volume fractions V, SPLst

GPLsh
of the GPLRC shell and stiffeners are estimated,
respectively, by

W

Vs =P GPLsh 1 (12)
epLen " ParL (1 = WepLen ) + PmWapLsn
W
VepLst = Pu GPLt ) (13)

PerL (1 — WapL ) + PuWapLs

with Wg,, ., and Wg, , are the mass fraction of
GPLs in the SSpSh and the stiffeners; and p,, and
pep. are the mass densities of the matrix and the

GPL, respectively.
The relations between the elastic modulus
and mass density of 3D graphene foam and

D.T. Dong et al

GPLRC in the shell skin and the stiffeners are
presented for a spherical shell [37], as

S S| 2
ES — {&} _ (14)
E, Pn
and for stiffeners
2
E_Z‘F - & _ (15)
Ehst phst

The relations between the foam coefficients
and the mass density coefficients of the GPLRC in
the shell skin and the stiffeners are obtained by
employing the relations (14) and (15), taking into
account Egs. (1), (2), (4), and (5) for the SSpSh (
-h/2<z<h/2)

1-€4,84 (2) = 1-€484, (2) GFlI

1-8,,[1-8, (2)] =

(16)
J1-ex[1-8,(2)] GFlI
€,, = /€ GFIll
and for the stiffeners (h/2<z<h/2+h,/2)
1-8,, 8, (2) = 1-e4. 8, (2) GFI
1_eZh [1_81hs. (Z)] - (17)

1€, [1-84, (2)] GFII

GFll

e?’hst = \le?’hst

The mass of the matrix is considered to be
constant with different foam distributions. From
Egs. (16) and (17), the following relations are
obtained for the shells (-h/2<z<h/2)

h/2

j 1-e4,8, (2)dz =
’ (18)

h/2

hj)}\/1—e2h [1—61h (z)}dz:j e,.dz,

0

and for the stiffener (h/2<z<h/2+h,/2)

h/2+hg

1- e1hst81h (Z)dZ =
hi2 (19)

h/2+hg h/2+hg

j \/1—e2hSt [1-8,,(2)]dz = j ey, dz,

h/2 h/2
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where e, e, and e, ,e, can be derived from
the given values of e,, and e, .

3. Fundamental
method

formulations and energy

According to the Donnell shell theory, the
strain expressions are expressed by [36]

€ € War
{r}:{ Or}_z Wr , (20a)
€9 €0¢ :
r
wo Wi
U ——+—"+W, W,
oty Ro2 L (20b)
€09 u w
r R
where w, is the imperfect deflection.
By considering the thermal strains, the

stress-strain relations are expressed as follows:
O | _ Q11 Q12 Sr_a(Z)AT 21)
Ge Q12 Q22 89 - O(,(Z)AT -
The internal
determined by

h/2
(N.M) =" (12)c,dz,

h/2
(NoM,) =] (12)5,dz.

By applying the extended smeared stiffener
technique for spideweb 3D graphene foam
stiffeners, as explained in detail in Ref. [36], the
force and moment resultants are derived from
expression (22) as follows

forces and moments are

(22)

Nr A11 A12 B11 B12 €or q)1r
N, _ A Ap By By | |0 _ D AT
M, By Bz Dy Dy |-W, D, ’
M, B, By Dy Dy |- W, /r D,
(23)
where Aij,BiJ.,Dij(ij =11,12,22) are the stiffnesses of

stiffened SSpSh, expressed by
A11 A?? +Ast—m +Ast—m

11-in 11-ex
_ sh st-m st-m
B11 - B11 + B11—in + B11—ex '

D11 D?: + Dst—m +Dst—m

11-in 11-ex
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sh st—-m st-p
22 A22 + A22—in + A22—ex
_ sh st-m st—p
BZZ - BZZ + BZZ—in + BZZ—ex ’
sh st-m st—p
D22 D22 + D22—in + D22—ex
sh st-m
12 A12 + A12—in
_ sh st-m
B, |=|Bi; B0 |
sh st-m
D12 D12 + D12—in
h/2
sh psh sh) _ 2 sh
(AB".D}")= [ (122°)Q"dz
-h/2
h/2+hg
st-m st-m st-m\ _ 2 sti
(Aij—in ’Bij—in ’Dij—in )_ J. (1'2’2 )Qij dz,
h/2
forre[0,1,).
h/2+hg

(Ast—m Bst-m pst-m ) _ J' z_m(1, z, 22 )Qiltedz,

kl—ex? =kl-ex? ~"kl-ex
h/2 m

re(r, R,], for ij=1112,22,kI=11,22.

h/2+hy
st—p st—p st—p _ P 2 ste
(A22—ex’B22—ex’D22—ex) - j _(11 Z,z )le dz,
h/2 dp

for re(r,R,].

O, ) (O + T+ 0y )
= ,1=12,
Dy ) (DF + DT+ DED

where r, is the radius of the concentric region of

the radial stiffeners, and
h/2

(@r,03)= [ [(Q) +Q) ey |(12)02
-h/2

h h
@5y =D

2r

sh _ 4 sh
O =0

i’
h/2+hy,
st—-m st-m sti sti
(q)1r—in Dy in ) = j |:(Q11 +Q5; ) Ot ] (11 Z)dZ,
h/2
h/2+hy

(@amosn)= [ [(Qf+Q%)a, |(12)dz,

h/2
ref0,1r,),

h/2+h

(@2n.087)= | 22(Qia,)(12)d

Ir—ex? = 2r-ex

h/2 m
h/2-+hg
st-p st-p | _ P (st
(q)16—ex’q)29—ex) - J. d_(Q22 ocst)(lz)dz,
h2 Yp

for re(r,, R,].
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Qsh — Qsh — Esh Qsh — Eshvsh
11 22 1_ 2 12 1_ 2
Vs,h V:sh
Q= Qg == ,Q ==Y for refo,r,),
1-v 1-v
st st

and Q¥ =Q3 =E,, for re(r, R,].
Conversely, the mid-plane strains ¢, and

g,, are expressed through the extension forces, as

NT
{80,}2{/5\;1 A:z B;1 Bzz} N9 _ (D;r AT
€0g Ay Ay, By By | Wi (D:e

w,/r

(24)

where
. A . -A
Al = 22 12

IA = H
A11A22 - A122 " A11A22 - A122

B —_ (A1zB12 — A22811) B. —_ (A12822 — AzzB12)
1M1 P2 T ’
A11A22 - A122 A11A22 - A122
Al _A12 A11

= A = )
? A11A22 - A122 “ A11A22 - A122
B* _ (A11B12 _A1zB11) B* _ (A11Bzz _A1zB12)
2T AL -AA, 2 AL-AA,
12— M1Mh22 12— ™M1 22
. (A12q)1e _Azzq)w) . (A12cD1r - A11q)1e)
T = [l [ '
A11A22 - A122 A11A22 - A122
Substituting Eq. (24) into Eq. (23), the
moment expressions can be rewritten by

Nr
{Mr}z{c; qu D:1 Dzz} NG _{(D;F}AT_
Me C21 C22 D21 D22 W,rr (Dze
w,/r

(25)
where
C., =B, A, +B,A,,C,, =B, A}, +B,A,
D;y =B, By +By;By —Dy1,Co =B, AL + By, A,
D;z = BHB;2 + B1ZB;2 - D12,C;2 = B12A:2 + BzzA;z’
D, =B,B, +B,,B, ~D,,,
D;z = BmB:2 + 8228;2 -D,,,
®, =B, ®, +B,®, +D,,
@, =B, @5 + By @ + Dy,
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The compatibility equation of spherical shells
is established from Eq. (20), as

2e0,. 1
;oo TR (/e w) (26)

1
+ F(W,rw,rr + W,rWO,rr + W,rrWO,r )

8Or,r

Introducing the stress function (p(r), which
satisfies the two following conditions

N=22 N =g, (27)
r :
The axisymmetric spherical shells are
clamped at the circumferential edge, which leads

to the following boundary conditions
r=0:w, =0, ¢, =Nr=0,

(28)
r=R,: w=0, w, =0, N =Q,

where Q, is the meridian force at the edge, due to

the clamped and immovable conditions.

The approximate solution of the deflection,
which satisfies boundary condition (28), is chosen
as

2

W (R: 1)
R? '

0

W (R2 —r? )2

RY (29)

W= , W, =

where W’ =nh, with 1 is the size of the initial

imperfection.

Substituting Eq. (27) into Eq. (25), then
substituting Eq. (26), the compatibility equation is
finally rewritten by taking into account the solution
(29), as

Prrr (A:2 - 2A;2 - A;1)

r - A22(p,rrrr +

Ay FAL (48W2 96WW'
+(P,211_,311: A a rt
r r Ry Ry
) . .
+ 16\’4\’ + 32V\£W = 8\2’\’ + 72WE221 (30)
R R RR R
64W? 128WW~ 16W |,
- s T 6 “Hin |
RS RS RIR
24 W8 9y W8y g WB,
RO R0 RO

The stress function can be determined using
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the coefficient comparison method, as follows
@, =r"@, +r°%p; +r’g, +rq,,

where

@y = Xy W2+ X, WW + X, W,

05 = Xy W2 + X[, WW™ + X, W,

9, = X, W? + X, WW",

(31)

(32)

with
N 8
3= : : : et
R; I:A11 + 3(A12 A, —3A, )]
16

TR AL 3R, A oA |
-3RB;, -RB;, +9RB, + 3RB,, R’
RR3[ AL, +3(A, A ~3A,, )]

X5 =—16/RS | Aj, +5(Ar, —A —5A,, )|

Xy =4

Xs, = _32/Rg [A;1 + 5(A;2 _A;1 - 5A;2 )]’
Xy, = 4/ R;;R[A;1 +5(A;, ~Ay, ~5A, )]

X71 = . ,8 . TN
Rg _A11 + 7(A12 - A21 _7A22 )_

X72 = - :]6 N N
Rg _A11 + 7(A12 - A21 - 7A22 )_

The in-plane immovable condition can be
expressed in the average sense as

27 Ry

——— LT Jurdrde=0.
0

33
2TER§ 0 (33)

By applying the Egs. (20), (24), (27), and
(28), the condition (33) is obtained by
@, =X, W2 + X, WW" + X W + X, AT. (34)
where
X 1 —24RA;, -168RA,,
11 * * * * * *
12RR] (AL + AL )| AL +7(AL, A - TA3,)

,_ B4RA;, +320RA,,
A:1 + 5(A:2 - A;1 - 5A;2)

_ 48RA]J + 14*4RA;2* <8R\,
A11 + 3(A12 _A21 - 3A22)
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S T
3R (A +AL)| Ay +T7(AL -AL —TA,,)
. 32A +160A;
Al +5(A;, - Ay —5A,)

~ 24A; +T2A,, o
A;1 + 3(A;2 _A;1 - 3A;2)

X.. = 1 ~4R; (A;1 + 5A;2)
" 3RR§ (A;1 + Azz) A;1 + 5(A;2 _A;1 _5A;2)

—~6RB;, +6RB], ~R} —(6A;, +18A], ) x

(-3RB;, -RB;, +9RB,, + 3RB,, R}
A:1 + 3(A:2 _A;1 _SA;z) -
The total potential energy of the SSpSh is

expressed by

UTotaI = Ui - Uext (35)

nt

where:

U, = Tc”q[cr (e, —aAT)+0, (g, - OLAT):| rdrdz

. (36)

+ nj I [cr (6, —aAT) +o, (g, — ocAT):l rdrdz,
Qry

21 Ry
U, = f Iqwrdrde
0 r

0

)R (37)
17 ¢ 1
_EI J‘KK1W—K2W,” —Ksz’rjw}rdrde.

0 r
where K, (N/m?® and K, (N/m) are linear stiffness

parameters of the Winkler
foundation models, respectively.

and Pasternak

Basing the minimum energy principle, i.e.
ou

Total — 0

oW
where Uital is determined from Eq. (35), leads to
a,WK, +a,WK, +a,,W AT +a,,WAT
+a, AT +a,WW ™ +a,W*W" +a,WW’

(38)

(39)

2
ra, WP 4 a, W2+ a W - "o _g

where a; is presented in the Appendix.
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Eq. (39) explicitly presents the nonlinear
dependence among the mechanical load, thermal
load, and deflection. Based on this equation, the
thermo-mechanical post-buckling responses of
stiffened 3D graphene foam SSpShs/CiPIs can be
easily carried out.

4. Results and discussions

To verify the accuracy of the current solution
method, the nonlinear external pressure post-
buckling curves of SSpShs are compared with
those obtained by Dube et al. [38] for the case of
unstiffened isotropic SSpShs (see Fig. 2). The

D.T. Dong et al

parameter H represent the rise of the SSpSh (

H~R2/2R), which reflects the geometric

shallowness of the shell. The governing equations
in this work are derived based on the FSDT
combined with the Galerkin method. The
comparison demonstrates strong agreement
between the two results.
examples, the spiderweb-stiffened SSpShs/CiPls
composed of 3D graphene foam are examined.
The material properties of the GPL and the matrix
material are chosen as those in the study by Wang

et al. [39].

In the numerical
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Fig. 2. Comparison of nonlinear external pressure post-buckling curves of SShs, Q = qORg/(Eh“)
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Fig. 3. Effect of stiffeners on the mechanical and thermal post-buckling responses of 3D graphene foam
SSpShs and CiPls

Figs. 3a—d illustrate the mechanical post-
buckling curves (3a, 3b) and thermal post-buckling

curves (3¢, 3d) of SSpShs and CiPls made of 3D
graphene foam under the effect of the stiffeners.
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Four stiffener configurations were investigated: (1)
unstiffened; (2) 10 circumferential stiffeners; (3) 30
radial stiffeners; and (4) a combination of 5
circumferential and 15 radial stiffeners (the "spider
web" configuration). In options (2)—(4), the total
volume of the stiffeners was adjusted to be nearly
the same to ensure a fair comparison. The results
show that the presence of stiffeners significantly
and thermal load-
bearing capacity. Specifically, for mechanical

increases the mechanical

loading, radial stiffeners are the most effective,

250 1: Unstiffened
3 —— 2: Radial stiffeners
200 F — 3: Circumferential stiffeners
4 . L 4: Spiderweb stiffeners
150 -\I Ry/R=015h,/h=3,b,/h=1,1=0.1
< Ogp, = 2%, ¢, = 0.2, g = 0MPa

50 T SSpShs, GFI/GFI
K, = 0N/, K, = 0 N/m

Wih
(c)

-3 -2.5 -2 -1.5 -1 -0.5 0
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followed by the spider web structure. For thermal
loading, the load-bearing capacity of the three
stiffener configurations is nearly the same. In
addition, Fig. 3d indicates that the phenomenon of
bifurcation buckling only occurs in the perfect
circular plate without stiffeners under thermal
loading, whereas it does not appear in any of the
stiffened configurations. It can be seen that the
stiffeners completely suppress the membrane
state, causing deflection to occur immediately upon
load application.

140 - — 1: Unstiffencd
4 CiPls, GFV/GFL — 2: Circumferential stiffeners
120 -‘x/ — 3: Radial stiffeners
100 s . = = =4: Spiderweb stiffeners
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Fig. 3. (continued)

Fig. 4 considers the effect of the total mass
fractions of GPL and the porosity coefficient on the
nonlinear mechanical and thermal post-buckling
curves of the stiffened SSpShs with different total
mass fractions of GPLs (Figs. 4a and 4b) and with
different porosity coefficients (Figs. 4c and 4d). It is
easy to see in Figs. 4a and 4b that the mechanical
and thermal load-carrying capacity of the stiffened
SSpShs increases with increasing the total mass
fraction of GPLs in the shell and stiffeners. This
demonstrates that GPL is an excellent reinforcing
material for composite materials to
mechanical and thermal load-carrying capacity.
The effects of the porosity coefficient on the
mechanical and thermal post-buckling responses
are considered in Figs. 4c and 4d, respectively. As
shown in Fig. 4c, the external pressure-carrying
capacity of the SSpShs decreases as the porosity

improve

coefficient increases. This is expected because a
higher porosity coefficient significantly reduces the
shell’s stiffness, thereby lowering the pressure-
carrying capacity of the stiffened SSpShs. In
contrast, Fig. 4d indicates that the thermal load-
carrying capacity increases with increasing
porosity. The opposing effects of decreasing
stiffness and increasing thermal expansion exert
different influences on the shell behavior, and the
results also show that the effect of thermal
expansion appears to be dominant.

Figs. 5a and 5b depict the nonlinear
mechanical and thermal post-buckling curves of
spiderweb-stiffened 3D graphene foam SSpShs
with the different material types. Fig. 5a shows that
SSpShs with the GFI/GFI distribution law exhibit
slightly higher mechanical post-buckling curves
compared to the other two distribution laws. This
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is because this configuration concentrates more
solid material closer to the outer surface, where it
contributes more effectively to the bending
stiffness. A similar trend is noted for the thermal
post-buckling curves in Fig. 5b. However, the
difference is very subtle. The nonlinear post-
buckling responses of the spiderweb-stiffened 3D
graphene foam SSpShs and CiPls with different
geometric parameters, such as the R,/h and

R, /R ratios, are investigated in Figs. 6a-d. These

parameters strongly influence the load-bearing
capacity of stiffened 3D graphene foam SSpShs
and CiPls. Figs. 6a and 6b illustrate how the R, / h

ratio affects the post-buckling response of stiffened
3D graphene foam SSpShs and CiPIs under
mechanical or thermal loading. It is observed that
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h=0.015m | ——2: Spiderweb stiffeners

4 |Ro/h=60,R,/R =015, hy/h=3,b,/h =1
K, =0N/m K, = 0 N/m
£3 rAT=0K, 5 - 0.1
E 60*0.2
=,
=y

a:mgp =0.1%
b ewgp, = 0.5%

¢ Mg = 1%
SSphShs, GFI/GFI e 27

0 _.---.u“laiiiaaﬁnlﬁaiﬁliﬂ'-Iﬁ;EEE:=-[a b le
0 1 2 3 4 5
W/h
(@)
2.5 lig, =0
2:gp=0.1
----- ey =03
5 | B E e —0% SSpShs, GFIL/GF1L
= /2 AT=100K, 5= 0.1, ogp = 1%
S
AP Py BN
= e pi
1 ¥
05 F ; . i Sl
K, = 10"N/m’, K, — 10° N/'m
h=0015m, R,/h=80, R,/R=015,h,/h=3_h /h=1
0 L L . I
0 2

(c)

Vé/h 6 8

D.T. Dong et al

the R, /h ratio has a more pronounced influence

on the mechanical and thermal post-buckling
responses of stiffened 3D graphene foam SSpShs
and CiPls compared with their unstiffened
structures. Fig. 6a also indicates that the
spiderweb stiffener system markedly decreases
the snap-through intensity of SSpShs, particularly
in thin structures. The influence of the R, /R ratio

on the nonlinear post-buckling curves of stiffened
3D graphene foam SSpShs and CiPls is clearly
reflected in Figs. 6¢c and 6d. The results indicate
that the maximum post-buckling load (represented
by these curves) increases as the R, /R ratio

increases, which corresponds to a decrease in the
shallowness of the SSpShs.
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Fig. 4. Effect of total mass fractions of GPLs and porosity coefficient on the mechanical and thermal
post-buckling responses of spiderweb-stiffened 3D graphene foam SSpShs.
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Fig. 5. Mechanical and thermal post-buckling responses of spiderweb-stiffened 3D graphene foam
SSpShs with the different material types.
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Fig. 6. Effect of geometric parameters on the mechanical and thermal post-buckling responses
of spiderweb-stiffened 3D graphene foam SSpShs and CiPls

5. Conclusion buckling analysis of 3D graphene foam SSpShs
This paper presented an analytical and CiPIs stiffened by a spider-web stiffener
framework for the thermo-mechanical post-  system, using a stress function formulation. The
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proposed model accounts for geometric
nonlinearity, and the combined effect of radial and
circumferential stiffeners through an extended
smeared-stiffener approach. By applying the Ritz
energy minimization method, the load-deflection
post-buckling relations are derived. The numerical
results examine how geometric parameters,
material properties, and spiderweb stiffeners
influence the nonlinear mechanical and thermal
post-buckling responses of stiffened 3D graphene
foam SSpShs and CiPlIs. The key findings can be
summarized as follows

cases examined, stiffened 3D
graphene foam SSpShs and CiPls show a
markedly higher post-buckling load-carrying
capacity than their unstiffened structures. For the
input data considered, SSpShs/CiPlIs stiffened by
radial stiffeners exhibit the highest load-carrying
capacity. Meanwhile, the thermal load-carrying
capacity of the plate/shell with different
reinforcement options shows little difference.

- Among all cases examined, SSpShs with
the GFI/GFI material distribution show the highest
mechanical and thermal load-carrying capacity,
whereas those with the GFII/GFII type show the
lowest. However, the difference is negligible.

- The nonlinear post-buckling curves of
spiderweb- stiffened 3D graphene foam SSpShs
and CiPlIs are strongly influenced by the stiffeners,
and R, /h and R, /R ratios.

- In all
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Appendix

a; are determined as follows

R AR (2 R Ro n(Rz—r2)4r
a1=£—2 ( 0R4 ) [8R04—8 0R04 ]dr, azzlzoR#dr

Ro NrgZ—r(X14 A:1 +Xiy qu - (D:r ) + X14(A:1Nr92—r + A:2 Negz-r ) + Negz-r (X14 A;1 + Xy A;2 - CD:(, )J d
rredr

) 0 +X14 (A;1Nr92—r + A;Z N992—r ) - ((D1r (A:1 NrgZ—r + A:Z NGgZ—r ) + q)19 (A;1 NrgZ—r + A;Z N992—r ))

Ry 2Nrg1—r(x14 A;1 + X14 qu - ) + X14(2A;1Nrg1—r + 2A;2 Neg1—r ) + 2Neg1—r (X14 A;1 + X14A;2 - :0 )

*
r

Az = .[ . . . . . . rrdr
0| X4 (2A5Ngr, + 285Ny, ) = (@ (2A7 Ny, + 25N, )+ Dy (285N, +2A5,N,., )
Ry
a, = ! (2N,927r (ATNgo e + AN, )+ 2Ny (A3 NG, + AN, ))rndr,
Ny (XiaAgy + Xy Ay =@ )+ Xy (N Al + 4By, — 48B3, + AN, )
. +45( X4 Coy + Y34 Cop = @+ Ngy, (Xiu Ay + Yy A — @) ) rn
855 = [ | +X1a(Nga Ay +AB3y = 48B3, + ANy ) = (X4 Ciy + Y, Crp — @) )
[ (Nigs Ay +ABj, —43B], + ANy ) — D o
+0, Ny Ay + 2By, —45B, + ApNyy ) +4D,8 |
RN, (ATNgr, + AiNogr )+ 3N, (ALNg, + AN, )+ Ny, (2A5 N, + 2A7 N, ) o

0 +N692-r (A;1 N + A;2 Neg1-r) + 3Neg1-r (A;1 NrgZ-r + A;Z NegZ-r ) + NegZ-r (2A;1 Nrg1-r + 2A;2 Neg1-r)

rg1-r

+2Nrg3-r (A:1 Nrg2-r + A:2 N692-r ) + 2Nrg2-r (Nrg3-r A;1 + }\‘B;1 - 488;2 + A1*2 Neg3-r )
a52 = +86(C;1 NrgZ—r + C;Z NGg2—r ) + 2Neg3—r (A;1 NrgZ—r + A;Z N(—)gZ—r ) rTCdr,
+2N992—r (Nrgs-r A;1 + 7”821 - 468;2 + A;z N693—r ) - Z(C; NrgZ—r + C;2 Negz-r )7“

a ']9 2Nrg1—r (A:1Nrg1—r + A;2Neg1—r ) + Nrg1—r (2A:1Nrg1—r + 2A;2Neg1—r) r dr
6~ . . . . nar,
0 +2Neg1-r (A21 Nrg1-r + A22 Neg1-r ) + Neg1-r (2A21Nrg1-r + 2A22Neg1-r)
_(ZC;1Nrg1-r + 2C;2 Neg1-r)}" - (C;1 Nrg1-r + C:2Neg1-r )7\' + Nrgs-r (A;1 Nrg1-r + A1*2 Neg1-r)
a R:'g +Nr93—r (2A21Nrg1—r + 2A;2 Neg1—r ) + 48(C;1 Nrg1—r + C;Z N(-)g1—r ) + NGgB—r (ZA;1 Nrg1—r + 2A;2Neg1—r ) r dr
7= . . . . . . nar,
0 +3Nrg1-r (Nrg3-r A11 + }\‘B11 - 48812 + A12N9g3-r ) + 48(2C21Nrg1-r + 2022Neg1-r)
+Neg3-r (A;1 Nrg1-r + A;Z Neg1-r ) + 3Neg1-r (Nrgs-r A;1 + 7\‘8;1 - 468;2 + A;2 Neg3-r )
a = F]? _Z(NrQS-r C;1 + kD;1 - 46D:2 + sz Nega-r )7‘ + 2Nr93-r (Nrg3-r A;1 + 7“821 - 468;2 + qu Negs-r ) rrdr
8 N B * N N N * * ’
0 +86(Nrg3—r C21 + 7‘Dz1 - 48D22 + C22 N9g3—r ) + 2N993—r (Nrg3—r A21 + 7‘821 - 45822 + A22 Negs-r)
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where
6 4 2 6 4 2
Nigir =Xl 4 Xo g™+ Xag ™+ Xp4, Ny = Xoo P + X 17+ Xor™ + X

2 2 _ .2 2 _ 2
}\4:[8Rr 2 _4R0R 4r J,SZ(ROR 4r ); N
0 0 0

12

- 4 2 _ 6 4 2
gar = Keal™ + XKagg T+ Xig,Nogy, =7Xpyr +5Xg 1" +3X;,r" + Xy,

Nogo_r = 7X7,° +5Xg,r* +3X,r% + X5, Nys = 5Xgr* +3X5,r% + X
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