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Abstract: Two-stage gear reducers are widely used in industrial power
transmission systems due to their ability to reduce speed, increase torque, and
maintain high mechanical efficiency. This study proposes a standards-based
optimization framework for two-stage gearboxes that simultaneously ensures
contact fatigue strength, adequate oil-bath lubrication, and minimized gearbox
volume. The optimization problem is formulated analytically and solved using
the Sequential Quadratic Programming (SQP) algorithm. The main objective is
to establish a practical lookup table for optimal transmission ratio ranges,
enabling efficient preliminary design selection. The proposed approach
improves computational efficiency while maintaining the physical
interpretability of the design variables and constraints. To the best of the
authors’ knowledge, this study is among the first to simultaneously integrate
uniform contact strength, lubrication constraints, and volume minimization
within a unified SQP-based optimization framework. The results provide a
useful reference for preliminary gearbox design and can support rapid
parameter selection in engineering practice, although further adjustments may
be required to account for manufacturing constraints and specific operating
conditions.

Keywords: Two-stage gearbox, SQP, Optimization, Uniform contact strength,
Oil-bath lubrication, Minimum volume.

Nomenclature

Symbols Units Description Symbols Units  Description
7 the elasticity factor (material
M parameter)
a mm  center distance v m/s  pitch line velocity
w \ mm?®  volume of two-stage gearbox
by, mm  gear face width n rpm rotational speed
dyi, dw; mm pitch circle diameter of driving Kas, Kan center distance coefficient

and driven gears
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Symbols Units Description Symbols Units  Description
load factor for contact stress and B deg helix angle
KH' KF .
bending stress a deg pressure angle
m mm module of Spl..ll" gear and normal Vs face-width factor
module of helical gear
p KW transmitted power o MPa calculated hertzian contact
stress
T, T Nm torque on driving and driven [ou] MPa allowable hertzian contact
gears stress
Ujj transmission ratio of each stage this value depends on the
Ko K pressure angle, contact ratio,
uy total transmission ratio ds dh and the material properties of
the gears
22, nu.mber of teeth on driving and Abbreviations
driven gears
Z, face load factor SQP Sequential Quadratic
Zy geometry factor for contact stress Programming

1. Introduction

Gear transmissions play a pivotal role across
various industrial sectors due to their reliable
operation, high efficiency, and large load-carrying
capacity. gear arrangement
configurations exist, as illustrated in Fig. 1. The
development trend of gear transmissions
emphasizes geometric optimization, noise and
vibration reduction, and extended service life, while
also integrating digital technologies such as CAE
simulation, artificial intelligence [1, 2], advanced
materials [3] (e.g., wear-resistant alloys,
engineering  polymers), and high-precision
manufacturing via CNC machining or 3D printing
[4]. Consequently, modern gear systems not only
meet the demands for durable performance but
also align well with advanced mechatronic
systems, such as robotics and renewable energy
equipment.

Over the past decades, design optimization
aimed at minimizing the mass and volume of gear
transmission systems has attracted considerable
attention from researchers. Gologlu and Zeyveli [5]
developed an approach based on the genetic
algorithm (GA) to automate the preliminary design
of gear drives, with the primary objective of
minimizing material volume. In that study, the
design constraints were mainly centered on the

Numerous

bending stress and contact stress of the helical
gear system. Similarly, Sanghvi et al. (2014) [6]
performed a multi-objective optimization of a two-
stage helical gear system to minimize volume and
maximize load-carrying capacity. The study
compared three methods: the MATLAB
optimization toolbox, the basic GA algorithm, and
the NSGA-II algorithm. The results showed that
NSGA-Il provided the most superior solution in
handling conflicting objectives, achieving a 13.08%
reduction in volume while increasing load-carrying
capacity by 1%, thereby overcoming the
shortcomings of conventional nonlinear
programming techniques in converging to local
minima. Advancing further, Buiga and Tudose
(2014) [7] have pointed out a major limitation of
previous research, which often focused on
optimizing individual components rather than
considering the entire system. To address this
issue, they applied a genetic algorithm to minimize
the mass of a complete two-stage coaxial helical
gearbox, including the gears, shaft assemblies,
and even the housing. Their model explored a vast
design space with 17 mixed design variables and
76 complex nonlinear constraints, thereby
achieving a mass reduction of up to 17.94%
compared with traditional design methods, while
also clearly analyzing the trade-off between mass
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reduction and system lifetime. Most recently,
Yamanaka et al. [8] proposed a multi-task gearbox
optimization (MGO) method based on the
gravitational particle swarm algorithm (GPSA),
which enables the simultaneous design of multiple
feasible gearbox configurations to reduce volume
and weight while satisfying up to 11 strength-
related constraint conditions.
To meet the stringent
modern transmission systems, research has
shifted toward multi-objective  optimization,
balancing size, efficiency, and noise-vibration
characteristics (NVH). Deb and Jain (2003) [9]
were among the pioneers in applying the NSGA-I
to the design of multi-speed gearboxes. Unlike
classical methods, which often require the problem
to be decomposed into independent subproblems,
NSGA-Il is capable of directly handling multi-
objective problems with mixed variables (discrete
and continuous) without the need for complex
penalty parameters. That study demonstrated its
effectiveness in identifying multiple Pareto-optimal
solutions in a single run, while simultaneously
optimizing material mass, power transmission
capacity, center distance, and output speed error.
Following this direction, Kim et al. (2020) [10] used
the NSGA-Ill algorithm to optimize the macro-
geometry of a helical gear pair, considering three
objectives: mass, efficiency, and peak-to-peak
static transmission error (PPSTE) - a major cause
of noise and vibration. Building on this success, in
2025, Kim’s group [11] proposed an optimal design
strategy integrating both macro- and micro-
geometry through a two-stage optimization
process to minimize power loss and PPSTE while
still ensuring safety factors for strength. By using a
Random Forest regression model to analyze the
results, they extracted the core macro-geometric
parameters, which enabled a reduction of 38-77%
in PPSTE and 36-58% in gear mesh loss when
micro-optimization was integrated. Along the same
line of integrated NVH-oriented optimization,
Kalligeros et al. (2026) [12] developed a macro-

requirements of
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geometry optimization procedure to improve the
weight, efficiency, and NVH characteristics of spur
gears. The key innovation of this study lies in the
application of a feedforward neural network
(FFNN) to rapidly predict the static transmission
error curve, thereby reducing vibration, decreasing
power loss by up to 40%, and lowering the RMS
value of dynamic transmission error (DTE) by more
than 35%. Furthermore, previous studies by O.
Buiga et al. [13], B. Karmi et al. [14], and M. Patil et
al. [15] have confirmed the effectiveness of
optimization algorithms in reducing gearbox size
and enhancing performance.

In addition to the optimization of macro-
geometric parameters, many studies have
examined the mechanical nature of gears in
greater depth. Sanchez et al. (2019) [16]
developed an advanced strength model to
calculate bending stress and surface pitting for
internal spur gears in mesh. This model determines
the load-sharing ratio among simultaneously
contacting tooth pairs based on mesh stiffness,
while fully accounting for bending, compressive,
shear, and Hertzian deformations. From a dynamic
perspective, Wang et al. (2020) [17] developed an
improved computational method to predict the
vibration response and noise radiation of a two-
stage gearbox, in which shaft flexibility and the
time-varying stiffness of the bearings were taken
into consideration.

Based on the development of existing
studies, it is evident that gearbox optimization
methods have achieved significant progress,
particularly through the application of evolutionary
algorithms (e.g., GA and NSGA-IlI) and machine
learning techniques to reduce volume and mass,
as well as to improve efficiency and dynamic NVH
performance. However, these approaches still
exhibit several fundamental limitations when
applied to practical engineering design.

First, regarding strength distribution, most
existing studies treat bending and contact stresses
as minimum safety constraints to prevent failure.
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This approach does not account for differences in
service life between gear stages and lacks a
mechanism to ensure uniform strength distribution.
As a result, optimized designs may lead to
unbalanced configurations, where some gear
stages are overdesigned while others operate
close to their failure limits.

Second, regarding lubrication conditions,

although lubrication failure is widely recognized as
a critical factor leading to surface damage such as
wear, pitting, and scuffing, it is often neglected in
Existing approaches

optimization formulations.

N.H. Loc et al

rarely incorporate operating conditions to ensure
adequate lubrication performance throughout the
design process.

Therefore, in the preliminary design stage,
the absence of a unified framework capable of
simultaneously integrating (i) uniform strength
distribution, (ii) lubrication constraints, and (iii)
volume minimization remains a critical challenge
for gearbox designers. Addressing this gap would
not only improve design reliability and durability but
also provide a more balanced and efficient
transmission system.

(a) (b)
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oil level
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Fig. 1. Configurations of two-stage gearbox layouts (a) in the same plane
and (b) in the orthogonal plane layouts

To address this issue, the present study
focuses on the geometric optimization of a two-
stage gearbox with different layout configurations
(Fig. 1). The objective is to determine the optimal
transmission ratio distribution for each stage under
the constraints of uniform contact strength, oil-bath
lubrication, and minimum gearbox volume. These
constraints are formulated analytically, and the
optimization problem is solved using the
Sequential Quadratic  Programming (SQP)

algorithm. The results are further used to construct
a practical lookup table for preliminary design
selection.

Within this scope, the study is limited to the
preliminary design stage and does not consider
detailed design aspects such as vibration, noise,
material selection, thermal effects of lubricants, or
manufacturing  constraints.  Therefore, the
proposed results are intended to support initial
design decisions rather than final engineering
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validation.

To the best of the authors’ knowledge, this
study is among the first to simultaneously integrate
uniform contact strength, lubrication constraints,
and volume minimization within a unified SQP-
based optimization framework. By combining
standards-based analytical formulations with an
efficient optimization strategy, the proposed
approach provides a physically interpretable and
computationally efficient tool for gearbox design.

2. Mathematical Formulation
2.1. Ensuring Uniform Contact Strength

For well-lubricated gear transmissions, the
dominant failure mode is surface pitting [18], and
the design should therefore be based on the
contact fatigue strength, denoted as oy. To reduce
material usage, the design should ensure uniform
contact strength across all gear pairs. The problem
of allocating the transmission ratios within the gear
system, while satisfying both the uniform contact
strength and the oil-lubrication condition, is
considered an optimization problem. This problem
is formulated through the distribution of
transmission ratios X among the gear pairs, and is
defined as follows:

Uiz

x=|" (1)

To ensure uniform contact strength, the
contact stress values between all gear pairs must
be equal, as follows:

OH12 = OH3q = *** = Opjj (2)

In the calculation of contact stress for spur
and helical gears, the commonly referenced
standard methods include ISO 6336-2:2006,
ANSI/AGMA 2101-E25, and DIN 3990-2:1987-12.
Among these, ISO 6336-2:2006 [19] provides the
fundamental equations for determining surface
load capacity and evaluating the contact durability
(pitting) of external or internal involute cylindrical
gears, mainly for oil-lubricated gear transmissions.
Similarly, ANSI/AGMA 2101-E25 [20] provides a

N.H. Loc et al

method for evaluating the macropitting resistance
and bending strength of involute spur and helical
gear pairs, whereas DIN 3990-2:1987-12 [21]
focuses on the calculation of pitting resistance of
cylindrical gears. Although multiple standard
systems are available, this study uses only ISO
6336-2:2006 to calculate contact stress in order to
ensure consistency with the theoretical basis,
calculation factors, and evaluation procedure
throughout the entire research model. The contact
stress between gear pairs (i; j) is determined by the
following equation. Alternatively, the formula for
determining the contact stress can be found in [19,
22].

OHij =
2Ti . 103 . KHi]—(uij + 1)
ZmiZuiZei (3)
Mi“~Hi 81\/ dxz/vibwiuij
< o]
Where [22]:
2bwiui]-
dyi = ———cosf (4)
Y Ppaij(uy + 1)
Wpaiidwilwgi + 1
by = — V\;( . ) = Wpaijawij (5)
ui]-
In  this study, only two-stage gear

transmissions are considered. Therefore, to ensure
uniform contact strength, the following condition
must be satisfied:

OH12 = OH34 (6)
From equations (3)-(6), it follows that:

Adwi2 ° Kas 2 llJbalZ
u -1
b (aw34) \/(Kah) UpWpazs
Ui, = (7)
a 3 Kas\2 P
1— w12 as bai2
(aw34—) \/ (Kah) UpWpaza
Where [19, 22, 23]: K, = 500 for spur gears;
Kan = 430 for helical gears.

The contact stress in a two-stage gearbox
with orthogonal plane layout, as shown in Fig.1(b)
is analogous to that of the horizontally expanded
two-stage gearbox and is also calculated using
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equation (7).
2.2. Ensuring Oil-Bath Lubrication Conditions

In enclosed gearboxes that are regularly
maintained, the primary lubrication method is oil-
bath lubrication [24]. Oil-bath lubrication is a
method in which the rotating gears splash oil onto
the meshing surfaces, forming a film that reduces
friction, wear, and dissipates heat, thereby
extending the service life of the gearbox [25]. This
method features a simple design and low cost.
However, its effectiveness depends on the oil level
and gear speed; if not properly optimized, it may
lead to hydraulic losses or insufficient lubrication.
During operation, the gearbox must maintain
complete sealing; if oil splashes out or the oil level
drops, the meshing zone will lack lubrication and
may be damaged.

This method is suitable when the pitch-line
velocity does not exceed 12m/s (v < 12 m/s)
[22, 24, 26]. If the velocity exceeds this limit, the oil
is  excessively agitated, which reduces
transmission efficiency, promotes foaming,
entrains air, and accelerates oxidation, thereby
diminishing the lubricant’s effectiveness [22, 24].

For multi-stage gearboxes, the driven gears
should be immersed in oil; if this is not feasible, an
auxiliary gear may be added to splash oil onto the
meshing region [24]. The oil immersion depth for
immersed gears must not be less than 10 mm from
addendum circle diameter of the gear [24], and for
the largest gear, the immersion depth may reach
up to 1/6 of its diameter [24]. If the pitch-line
velocity is extremely low, the immersion depth may
even reach up to half of the gear diameter.

2.2.1. Two-Stage Gearbox with Same Plane
Layout

To ensure proper lubrication conditions, the
pitch circle diameters of the driving and driven
gears in each gear pair (d,y;; dy4) must satisfy the
following condition:

2
3dwa < dwz < dus (8)

Based on the formulas for calculating the
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geometric parameters of gears provided in [22], it
follows that:

2TiKHiui2]-
2
Wbaij [ O]
Where [19, 22, 23]: K45 = 756 for spur gears;
Kq4s = 680 for helical gears.

3
dwj = Kggj

(9)

If both gear pairs are either helical or spur,
then Ky1, = Ky34. From equations (5), (8), and (9),
it follows that:

2 3\/¢ba12 [0H12]2uﬁ

Wbasza[on34]?

3
(10)

< 3 L|Jba12[C7H12]2u}21
B llJba34[0H34]2

2.2.2. Two-Stage Gearbox with Orthogonal
Plane Layout

The oil-bath lubrication condition for the
gearbox in this configuration is established as
follows:

2
§dw4 < 2(dyq + 0.5dyy3) < dya (11)

From equations (5), (9), and (11), it follows
that:

2 Kgs 3\/‘1’ba12[0H12]2KH34uﬁ _

3 Kah | WUbazalonzal?*Kuiz
(12)

Su12S 2

Kan lIjba34[(51—134]2KH12

2.3. Ensuring Minimum Volume
2.3.1. In the Same Plane
Objective: To determine the transmission
ratio u,, that minimizes the gearbox volume.
Objective function: V; (U12) min
The volume V is determined based on Fig.
1(a), as follows:
Vi =L ByiHy (13)
Where: L; = ay; + ayy + 0.5dy,; + 0.5dy4;
Bwi = by + bys; Hy = dys
The center distance a,,; is determined using

Kas 3\/¢ba12 [012]°Knzaty

the formula provided in [19, 22, 23] as follows:
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3 TiKHi(ui]- + 1)3

awij = Kasi 2 (14)
quaij[GHij] Ujj

From equations (4), (5), (13), and (14), it
follows that: (15)

Where:
A = 2K2 K 3 lIJbalzKﬁ[hKH[B
T Thasthass Wpaza[On12]*[0n34]?
B. = 2K... K2 3 qjlznanKHBlKﬁ&
! asthass ¢123334[0H12]2[0H34]4
C. = 2K.. K2 3 L|Jbas4KH[31Kﬁ33
! asiass Uba12[0n12]?[Ons4]*

Kugs

D, = 2K3,(——
1 as3([0_H34]2)

To solve the optimization problem, the

L . _ dv,
derivative of equation (15) is taken T = 0. The
12

resulting expression is as follows: (16)
2.3.2. In the Orthogonal Plane

The calculation is similar to the volume
equation (13) applied to Fig. 1(b), but with the

Vi(ugp) =

N.H. Loc et al

coefficients defined as L, =ay, + 0.5dy,, +
0.5dy4
By simplifying the volume expression, we obtain
the following equation: (17)
Where:

‘p%auKHBlK%IBz

¢%a34 [ou12]2[0n34]*

Khgs
Bz = 2K353 <[(7Hs4]2>

3
A, = 2Kalegs3\/

C. = 2K K 3 qualZK]Z-I[31KHB3
2 as1ass Wbazalon12]*[On34]?
D. = 2K2.K 3 qua34KH61K]2{[33
2 as1rass Wba12[0n12]%[0n34]*
To solve the optimization problem, the

dv
2 = (. The

Uiz

derivative of equation (17) is taken
resulting expression is as follows:

(24, 3/uf + 2B,u2)

Uz = ; (18)
C, /uﬁ + (A, + D,)3/uy, + B,

T, (<A13/u§ + B,y + C, Uy + D1> Uy, + <2A13/uﬁ + 2B, Yuf + 2¢,3/uf + 2D1u121> (ui) +
12

2B, 3/ut + C;3/uf + 3D,y + 3A13/u$1 + B;/uy + chi/u_h> (15)

2|2 <A13/uf1 + (B; + C)Vut + Dluﬁ>

(16)

Uy =

A13/uf1 + (B, + C)3/uy + Dy

3|1 1

Va2(uiz) =Ty Azi/uh+Bz+C23/Uﬁ+Dzuh ’? u12+<2A23/uf§+2B2u121>u_

h 12
+2A23/uﬁ+D23/uﬁ+C23/uﬁ+A23,/uh+382uh

(17)
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3. Optimization Using the SQP Algorithm
3.1. SQP Algorithm

In recent years, the two main algorithmic
approaches commonly used to solve this problem
are: derivative-based algorithms, such as SQP,
and derivative-free evolutionary algorithms, such
as GA or NSGA-II.

Many studies have successfully applied
these algorithms. Typically, Bozca (2018) [27] used
the SQP algorithm to optimize the geometric
parameters of a gearbox in order to minimize
transmission error and rattle noise, while satisfying
the constraints on contact stress and bending
stress. Xu and Min (2013) [28] also successfully
applied SQP through the MATLAB toolbox to
optimize the volume of a gear drive with high
accuracy and efficiency. In another aspect,
evolutionary algorithms such as GA are often
highly regarded for their ability to avoid local
minima and to work well with discrete variables.
However, in a comprehensive comparison between
SQP and GA, Chaturvedi et al. (2023) [29] pointed
out that GA requires a significant computational
cost compared with SQP. Similarly, Elsiedy et al.
(2024) [30], studying multi-objective
optimization for plastic gears, had to combine GA
with SQP into a hybrid approach, in which SQP
played the core role in local search to achieve the
fastest and most accurate convergence.

The choice of the SQP algorithm, instead of
evolutionary algorithms (GA or NSGA-Il), is
determined based on the characteristics of the
continuous-variable geometric optimization
problem. This decision is reinforced by the
following three decisive advantages:

First, in terms of computational efficiency and
time cost, SQP directly exploits derivative
(gradient) information to determine the search
direction toward the minimum, making this
algorithm computationally far more efficient than
evolutionary algorithms. Meanwhile GA or NSGA-II
require the objective function to be evaluated
repeatedly tens of thousands of times over

when
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populations, resulting in an extremely slow
convergence rate. Notably, the research results of
Chaturvedi et al. (2023) [29] experimentally
demonstrated that, for the macro-geometry
optimization of gear structures, SQP required only
7 seconds, whereas GA consumed up to 245
seconds — that is, the computational time of GA
was 3400% longer. For this study’s problem,
optimizing computational performance while still
obtaining good results is a top priority.

Second, in terms of absolute accuracy and
fast convergence, evolutionary algorithms often
carry the risk of premature convergence and high
randomness due to their dependence on crossover
and mutation parameters. In contrast, the direct
solution of the K-T equations makes SQP a local
search tool with a fast convergence rate and
extremely results. In mechanical
engineering, where even the smallest errors can
affect system performance, SQP provides
maximum design accuracy with highly reliable
numerical algorithms.

Third, in terms of suitability for a continuous-
variable space and strict nonlinear constraints: In
transmission design, the problem must satisfy strict
systems of inequality constraints such as the
bending stress limit at the tooth root, the contact
stress on the surface, and the maintenance of the
center distance. The capability of SQP to handle
nonlinear constraint penalties is excellent.
Although GA has an advantage when the input
parameters are forced into discrete variables (for
example: enforced selection of standard module,
standard center distance, standard transmission
ratio, etc.), the problem in this study is defined in a
continuous variable space. The use of heuristic
methods would introduce excessive complexity
and redundant population dispersion.

With continuous search space and stringent
requirements on geometric boundary conditions
and stress constraints, SQP is the most suitable
optimization algorithm for the transmission system
in this study, overcoming the limitations of

accurate
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computational time and accuracy associated with
evolutionary algorithms such as GA and NSGA-II.
3.2. Application of the SQP Algorithm to
Optimization

SQP is an iterative method for solving
nonlinear constrained optimization problems. At
each iteration, the original problem is approximated
by a QP subproblem, in which the objective
function is a second-order Taylor expansion of the
Lagrangian, and the constraints are linearized.
Specifically, starting from an initial point, SQP
computes the gradient and Hessian (or an
approximation of the Hessian) of the Lagrangian,
constructs and solves the QP subproblem to
determine a search direction as illustrated in Fig. 2,
then updates the decision variables and Lagrange
multipliers. This process is repeated until a
stopping criterion is met (e.g., sufficiently small
gradient norm or negligible variable changes). By
leveraging the second-order structure, SQP
achieves superlinear or quadratic convergence
near the solution, making it highly effective for
problems with smooth objective and constraint
functions. As such, it is widely used in applications
such as optimal design, mixed control systems,
and parameter estimation.

The objective function of the optimization
problem is constructed on the basis of three main
requirements: (i) ensuring uniform contact
strength, (ii) satisfying the oil-bath lubrication
condition, and (iii) minimizing the gearbox volume.
Accordingly, the objective of the problem is to
determine the transmission ratio u;, such that all
three requirements are simultaneously satisfied.
The constraints of the problem are established
according to Egs. (7), (8), (10), (12), (16), and (18).
In these equations, the parameters
Uyz, Uzg, Use, M, by, Yy
according to their corresponding standard values,

and a,, are selected

while the quantities z4, z,, Z5, ..., Z,, are restricted to
integers. In addition, the condition of uniform
contact fatigue strength is imposed on the gear
pairs according to the relation oyq; = Oyszy, iN

N.H. Loc et al

combination with the constraints stated in Eqgs. (4)
and (5).

The objective functions and the constraint
conditions of the problem are specifically
presented as follows:

The objective functions of volumes V; and V,
are presented in Egs. (15) and (17), respectively.

The constraints:

Contact stress constraint:

g1(%) = oyjj — [omi] <0 (19)
Uniform strength among gear pairs:
82(X) = On12 — Onza =0 (20)
Oil-bath lubrication:
2
g3 () =§dw4_dw2 <0 (21)
84(x) =dyz —dws =0 (22)

Standard transmission ratio uy: (23)

gs(x) =uy =
{8; 9; 10; 11.2; 12.5; 14; 16; 18; 19; 20;}
22.4; 25; 28;31.5;35.5;40;45;50
Standard face-width coefficient Y ,:
g6(X) = Ypa = {0.25;0.315; 0.4} (24)

The algorithm was implemented in MATLAB
using the fmincon function in the Optimization
Toolbox to solve the constrained nonlinear
optimization problem. During the implementation
process, it is first necessary to define the objective
function, select the initial starting point x0, set the
lower bounds Ib and upper bounds ub, and
construct the nonlinear constraint function nonlcon,
in which the inequality constraints are expressed in
the form c(x) < 0. Then, the solver is configured
using optimoptions, with the 'sqp' algorithm
selected in fmincon, and the optimization is carried
out for each investigated parameter set. In each
run, fmincon starts from the point x0 and searches
for a local minimum solution that satisfies the
prescribed constraints. Therefore, the quality of the
initial point and the way the constraints are
formulated directly affect the convergence
capability of the algorithm. In this problem, the
same system of constraints is used for two calls to
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fmincon: one with the original objective function to
determine the minimum value, and one with the
sign-inverted objective function to determine the
maximum value of the design variable within the
feasible domain.

N.H. Loc et al

The implementation procedure of the
optimization algorithm using the fmincon function
with the SQP method is summarized in the
flowchart in Fig. 2.

4. Results and Discussion

Select u, and y,, from the
standardized value set

!

Set the initial values and the
search domain

‘

Define the objective
function

‘

Define the constraints
g4 contact stress
g. uniform strength Yes
g3, 94 Oil-bath lubrication

!

Solve the min-max problem
using SQP

Converged?

Yes No

4

Save the solution

Are there any
other parameter
sets?

Fig. 2. Main flowchart of the SQP algorithm

fundamental  the viscosity of the Ilubricant is considered
unchanged throughout operation, the transmission
system is assumed to be a sealed gearbox with

In  this study, several
assumptions are established as follows: the
gearbox operates under constant load and speed,
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adequate lubrication and no oil leakage, the
transmission efficiency is taken as constant; and
both gearbox configurations spur gears arranged in
the same plane and spur gears arranged in an
orthogonal plane are evaluated under the same
power rating and identical operating conditions.
Design parameters such as transmission ratio,
face width, face-width coefficient, and center
distance are selected according to standardized
series values to ensure practicality and
consistency in both design and manufacturing.

The standardized coefficients used in the
calculations are selected as follows:

The face-width coefficients for spur gears
follow the standardized series [23, 31]: 0.1; 0.125;
0.16; 0.2; 0.25; 0.315; 0.4; 0.5; 0.63; 0.8; 1.00;
1.25. In this study, the selected values are Yy, 34 =
{0.25; 0.315; 0.4}.

The overall transmission ratio u;, follows the
standardized series [23, 31] : 1.0; 1.12; 1.25; 1.4;
1.6;1.8;2.0;2.24; 2.5; 2.8; 3.15; 3.55;4.0; 4.5; 5.0;
5.6; 6.3; 7.1; 8.0; 9.0; 10.0; 11.2; 12.5; 14.0; 16.0;
18.0; 20.0; 22.4; 25; 28; 31.5; 35.5; 40.0; 45.0;
50.0; 56.0; 63.0; 71.0; 80.0; 90.0; 100; 112; 125;
140; 160; 180; 200; 224; 250; 280; 315; 355; 400;
450; 500; ...

According to the number of stages, the
maximum overall transmission ratio of a gear
reducer increases significantly as the number of
stages rises. Specifically, for a single-stage gear
reducer, the overall transmission ratio generally
does not exceed u, < 6; in some cases, it may
reach u;, < 8; and at the extreme limit, it may be
as high as u, < 18 [22]. For a two-stage gear
reducer, the overall transmission ratio is generally
limited to u,, < 35, may reach u;, < 45, and can
attain a maximum of u, < 60 [22]. For a three-
stage gear reducer, the overall transmission ratio
generally does not exceed u;, < 150, may reach
u, < 200, and in the extreme case may be as high
as u, < 300 [22, 23]. Thus, when a higher
transmission ratio

is required, increasing the
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number of stages becomes necessary to ensure
operating capability and design rationality.

However, for two-stage spur gear
transmissions, the overall transmission ratio uy
belongs to the standardized subset:

u, = {8; 9; 10; 11.2; 12.5; 14; 16; 18; 19;
20; 22.4; 25; 28;31.5; 35.5; 40; 45; 50}.

For helical gear transmissions, the helix
angle [ significantly affects the tooth’s contact
load-carrying capacity. In formula (4), B is typically
selected within the range B = 8 =+ 20° [19, 22].
According to ISO 6336-2 [19] and [22], the
pressure angle a commonly adopts the
standardized values of 20°,22.5%,25°% In this
study, the pressure angle is selected as a = 20°.
4.1. Analytical Calculation

Based on equations (7), (8), (10), (12) and
(15)-(18), together with the aforementioned
constraints, the analytical calculation yields the
results shown in Table 1.

Table 1 shows that as
transmission ratio u; increases, the minimum
value, maximum value, and minimum volume
Vmin all increase across all investigated cases. For
the same values of u;, and K, the same-plane

the overall

layout always gives higher u;, values than the
orthogonal one, whereas the Ilatter generally
results in a smaller minimum volume. In addition,
when K rises from 1.25 to 1.6, the feasible range of
u;, tends to decrease, while V,;, slightly
increases. This indicates that u;, is not a fixed
value, but rather a design range that depends on
the gearbox layout and the selected design
parameters.
4.2. Using the SQP Algorithm

Based on equations (7), (10), (15), and (16),
SQP algorithm is employed to incorporate the
previously defined constraints. The optimization
process is carried out using MATLAB, and the
results are presented in Table 2.

Table 2 indicates that the feasible range of
u;, increases progressively with u;, for all
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investigated layouts. Similar to the analytical
results in Table 1, the same-plane layout always
provides higher u,, values than the orthogonal
one. However, compared with Table 1, the SQP-
based results in Table 2 show a wider feasible
range of u;,, which suggests that the optimization
procedure is able to identify a broader design
domain. Moreover, increasing K leads to rise in u;,
in Table 2, which differs from the trend observed in
Table 1 and highlights the influence of the
optimization model on the obtained transmission
ratio distribution.

Overall, the results from Tables 1 and 2
confirm that the transmission ratio distribution of a
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two-stage gearbox strongly depends on the overall
transmission ratio, the gearbox layout, and the ratio
K. While Table 1 provides the analytical trend
together with the minimum volume, Table 2
displays a broader feasible design range obtained
by SQP optimization. Therefore, both tables are
useful for preliminary design, with Table 1 serving
as an initial analytical reference and Table 2
supporting the selection of optimized parameter
ranges.

Based on the data presented in Table 2,
MATLAB is used to visualize the parameter values
in graphical form for better interpretation and easier
reference, as shown in Fig. 3 and Fig. 4.

Table 1. Transmission ratio distribution of a developed two-stage gearbox

In the same plane

In the orthogonal plane

K = lIJba34 — 1.25 K = lIJba34 =16 K = lIJba34 — 1.25 K= Lpba34 - 16
Up qualZ LIJbalZ l~pb.9112 L|—’ba12
Upp Ugo Upp Upp
min  max Vinin ~ min  max Vimin min  max Vinin ~ min  max Vinin

8 275 413 514 253 3.80 522 056 1.85 472 036 154 4.77

9 298 447 556 274 4.11 566 0.77 2.16 514 055 1.83 5.21
10 319 4.79 598 294 441 6.09 098 246 556 0.74 211 5.63
11.2 345 5.17 6.46 317 4.76 6.58 1.21 2.81 6.05 096 243 6.13
125 3.71 5,56 6.97 341 512 7.11 145 3.18 6.56 118 2.77 6.66
14 400 6.00 754 3.68 552 769 1.72 3.59 713 143 314 7.25
16 437 6.55 828 4.03 6.04 8.45 2.07 4.11 787 175 3.62 8.01
18 473 7.09 899 435 6.53 9.18 240 4.61 858 2.06 4.08 8.74
19 490 7.35 9.33 451 6.77 953 257 485 893 220 4.31 9.10
20 5.07 7.60 968 4.67 7.00 989 272 5.09 9.28 235 4.53 9.45
224 547 820 1048 503 755 1071 3.09 564 1008 269 504 10.29
25 588 882 1132 542 813 1158 348 622 1093 3.05 557 11.16
28 6.35 952 1226 584 876 1255 391 6.87 11.88 344 6.17 1214
315 6.86 1029 1333 6.32 948 1365 4.39 759 1295 389 6.83 13.25
355 743 1115 1451 6.85 10.27 1486 4.93 839 1414 438 757 1447
40 8.05 1207 1579 741 1112 1618 550 925 15643 491 8.36 15.8
45 871 13.06 17.16 8.02 1203 1760 6.11 10.17 16.82 547 9.21 17.23
50 934 1401 1850 860 1290 1898 6.70 115 1816 6.01 10.02 18.62

In the pre-design stage, for two-stage layouts similar to Fig. 1(a) and Fig. 1(b). Table 2 is

gearboxes whose shaft centerlines lie either in the
same plane or in two orthogonal planes with

recommended for the preliminary selection of the
first-stage transmission ratio u,, and the second-
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stage transmission ratio u;,, based on the
standardized transmission ratio series. When the
ratio of the gear face widths between pairs (3;4)
and (1;2) is K = 1.25 or K = 1.6 the face-width

coefficient pairs (Upa12; Wpaza) May be selected

N.H. Loc et al

according to standards as follows: (0,25; 0,315),
(0,315; 0,4) or (0,25; 0,4). Alternatively, other
combinations of face-width coefficients may also
be used, provided that they satisfy the required
ratio K = 1.25 or K = 1.6.

Table 2. Transmission ratio distribution for two-stage gearboxes with expanded layout

In the same plane

In the orthogonal plane

K = L|"ba34 =1.25 K = ll’ba34 =16 K = Ll’ba34 — 1.25 K= ¢ba34 =16

Uy L|"b5112 l~|"ba112 '~|Jba12 ll"balz

Uj2 Uiz Ugo Uj2
min max min max min max min max
8 2.87 4.31 3.12 4.54 0.87 2.31 1.12 2.68
9 3.11 4.66 3.37 4.89 1.11 2.66 1.37 3.06
10 3.33 5.00 3.62 5.23 1.33 3.00 1.62 3.43
11.2 3.59 5.39 3.90 5.62 1.59 3.39 1.90 3.85
12.5 3.87 5.80 4.20 6.04 1.87 3.80 2.20 4.30
14 417 6.26 4.53 6.50 217 4.26 2.53 4.79
16 4.56 6.84 4.95 7.09 2.56 4.84 2.95 543
18 4.93 7.40 5.36 7.67 2.93 5.40 3.36 6.03
19 5.11 7.67 5.55 7.95 3.1 5.67 3.55 6.33
20 5.29 7.94 5.75 8.22 3.29 5.94 3.75 6.62
22.4 5.71 8.56 6.20 8.87 3.71 6.56 4.20 7.29
25 6.14 9.21 6.67 9.55 4.14 7.21 4.67 8.00
28 6.62 9.93 7.19 10.30 4.62 7.93 5.19 8.78
31.5 7.16 10.74 7.78 11.16 5.16 8.74 5.78 9.67
35.5 7.76 11.64 8.42 12.10 5.76 9.64 6.42 10.63
40 8.40 12.60 9.12 13.12 6.40 10.60 712 11.68
45 9.09 13.63 9.86 14.22 7.09 11.63 7.86 12.80
50 9.75 14.62 10.58 15.28 7.75 12.62 8.58 13.87

In addition to Table 2, engineers, companies,
researchers, etc. may also use Fig. 4 to quickly
reference the optimal transmission ratio range.
This figure is constructed as a visual support tool
for the pre-design stage, helping users select
suitable transmission ratios without the need for
repeated calculations. Thanks to its concise layout,
Fig. 4 can be easily printed together with drawings
or design documents, making it convenient to carry
to the field or the design workshop. It is particularly
useful for quick reference when comparing or
adjusting transmission ratio options.

The comparison between the SQP algorithm
and the analytical method is illustrated in Fig. 5 and
Fig. 6 for the case where the coefficient K =
1.25,K = 1.6.

Under practical operating conditions with
differing requirements, the gear ratio should be
chosen to satisfy the specific objective. Fig. 5 and
Fig. 6 provide researchers and manufacturers with
a quick reference for objective-based selection. For
example, when the aim is simply to ensure uniform
strength and oil-bath lubrication, the ratio given by
the analytical method is appropriate. By contrast, if
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a more compact gearbox is required while still
meeting the criteria of uniform strength, oil-bath
lubrication, and minimum volume, the optimal gear-
ratio range produced by the SQP algorithm is
recommended.

To further clarify the influence of the

optimization method on the overall geometric size

of the gearbox, the volume obtained by the

analytical method and by the SQP algorithm is

presented as a function of the overall transmission
K=1.25

10 20 30 40 50

(@)
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ratio uy, in Fig. 7, Fig. 8, and Fig. 9. The plots are
considered for two layout arrangements, including
the one in the same plane and the one in the
orthogonal plane, corresponding to two values of
K = 1.25 and K = 1.6. In addition to the direct
comparison of the volume values, the percentage
reduction in volume of SQP relative to the
analytical solution is also presented in order to
provide a clearer evaluation of the effectiveness of
the optimization method.
K=1.6

14 =Y 42min

u 12max

12 1

10 1

Uz

10 20 30 40 50

(b)

Fig. 3. Two-stage gearbox with expanded layout in the same plane (a) when K = 1.25
and (b) when K = 1.6

K=1.25

10 20 30 40 50
h

(a)

10 20 30 40 50

(b)

Fig. 4. Two-stage gearbox with expanded layout in the orthogonal plane (a) when K = 1.25
and (b) when K = 1.6

Fig. 7 shows that, in the case of the layout in
the same plane, the gearbox volume increases
monotonically with the overall transmission ratio uy,
for both investigated values of K. In all cases, the

SQP curve always lies below the analytical curve,
indicating that the SQP algorithm always provides
a design with a smaller volume. This difference is
more pronounced when K = 1.25, whereas for K =
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1.6 the two curves are closer to each other over the
entire investigated range. This indicates that, for
the layout in the same plane, the analytical method
provides results that are fairly close to the optimal
solution when K is larger, while SQP still plays the
role of refinement to further reduce the gearbox
volume.

Fig. 8 shows that, for the layout in the
orthogonal plane, the gearbox volume also
increases continuously with u;, following a trend
similar to that observed for the layout in the same
plane. However, the difference between the SQP
curve and the analytical curve is more evident in
this case, especially when K = 1.25. This result
indicates that, for the orthogonal layout, the SQP
algorithm exploits the design domain more
effectively and provides a more significant
reduction in volume than the analytical calculation
In contrast, when K = 1.6,
characteristic curves become quite close to each
other, indicating that the potential for further
volume improvement by numerical optimization is
no longer as large as in the case of K = 1.25.

Fig. 9 shows that the percentage reduction in
volume of SQP relative to the analytical solution

method. the two

generally does not vary significantly with uy,
meaning that the effectiveness of the optimization

K=1.25

12

——Analytic
—SQP

10
S 8
=
6 L
4 ’ 1 1 1 1 J
10 20 30 40 50
u,

(a)
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algorithm is maintained rather stably over the entire
investigated transmission-ratio range. For the
layout in the same plane, the volume reduction is
approximately 10% when K = 1.25 and about 3%
when K = 1.6. Meanwhile, for the layout in the
orthogonal plane, the volume reduction reaches
about 21% when K = 1.25 but is only about 2.5—
3% when K= 1.6. Thus, the volume-reduction
efficiency of SQP depends strongly on the layout
arrangement and the value of K, in which the case
of the orthogonal layout with K = 1.25 shows the
greatest optimization potential. This result also
reinforces the role of the analytical lookup table as
an initial guiding tool in the preliminary design
stage, while SQP serves as an additional
optimization step to further reduce the volume
within the feasible solution domain.

Overall, the analytical method and the SQP
algorithm show the same trend of volume variation
with the overall transmission ratio, but SQP always
provides better results in
reduction. This demonstrates that the lookup table
established from the analytical model has high
practical value in the initial preliminary design
stage, whereas the SQP algorithm is suitable for
refinement and for selecting a more optimal
solution for each specific configuration.

terms of volume

K=1.6

12 +|—Analytic
—SQP

10 |
N
3‘_ 8
6 L
4
10 20 30 40 50
u

h

(b)

Fig. 5. Comparison of average u;, values for the expanded two-stage gearbox in the same plane
at(a)K=125and (b) K=1.6
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Fig. 6. Comparison of average u;, values for the expanded two-stage gearbox in the orthogonal plane at
(@)K=1.25and (b) K=1.6
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Fig. 7. Volume of the gearbox in the same plane when (a) K= 1.25and (b) K= 1.6
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Fig. 8. Volume of the gearbox in the orthogonal plane (a) K = 1.25and (b) K= 1.6
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9. Percentage reduction in volume of SQP compared to the analytical method with (a) in the same

plane and (b) in the orthogonal plane

Table 3. Two-stage gear transmission parameters

In the same plane

In the orthogonal plane

Spur gears 1 2 3 4 1 2 3 4
dyyi 54 302 96 342 62 248 81 405
Ujj 5.6 3.55 4.0 5.0
m 2 3 2 3
Ayij 180 225 160 250
wii 45 75 40 80

Fig. 10. The two-stage gear is modeled in 3D (a) in the same plane and (b) in the orthogonal plane

4.3. Application to a Practical Problem

The task is to calculate the drivetrain system
shown in Fig. 1 using the following given
parameters: a motor with a rated power of 4.0 kW
and a rotational speed of n = 1440 rpm. The gear

efficiency is assumed to be equal to the bearing
efficiency, both set at 0.98. The coefficients

Upatz = 0.25,Ppa34 = 0.315, [0h12] = [Opsal =
300 MPa, and the other coefficients are standard
values.
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Based on Table 2, the following set of
parameters is selected: a) In the same plane u,, =
20,u,, = 5.6,u3, = 3.55; b) In the orthogonal
plane u, = 20,u;, = 4,uz, = 5. The results are
presented in Table 3 and Fig. 10.

5. Conclusions

This study shows that the lookup table for
optimal transmission ratio distribution plays a
particularly important role in the pre-design stage
of a two-stage gearbox. It not only serves as a rapid
reference tool, but also provides an initial
quantitative basis for designers to select a rational
transmission ratio distribution scheme during the
conceptual design phase, while simultaneously
ensuring three core requirements: uniform contact
strength between gear pairs, appropriate oil-
immersion lubrication conditions, and a tendency
toward minimizing gearbox volume. As a result, the
preliminary design process no longer depends
excessively on experience, but is instead
supported by a computational framework with a
clear analytical and optimization basis. This
constitutes the primary practical application of the
research, and it also provides a foundation for
further development toward detailed design,
verification, and model extension to more complex
transmission systems in the future.

In addition, formulating the problem in
analytical form and solving it by the SQP algorithm
shows that the proposed method is capable of
effectively handling geometric  optimization
problems with strict nonlinear constraints. The
obtained results not only reflect the variation trend
of rational transmission ratio distribution in each
configuration, but also clarify the influence of the
arrangement scheme and the parameter K on the
feasible design domain.

However, this study is mainly significant at
the pre-design and preliminary design stages.
Factors such as vibration, noise, tooth-root
bending stress, manufacturing errors, lubricant oil
temperature, and technological conditions have not
yet been deeply considered in the current model.
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Therefore, the proposed lookup table should be
regarded as an initial foundation for guiding
parameter selection before being further verified
and refined through more detailed analytical steps.

In future studies, this method can be
extended in many directions to further enhance
both its academic value and practical applicability.
First, the model can be developed for various types
of gearboxes, not only limited to two-stage spur
gearboxes, but also extended to multi-stage
gearboxes, transmission systems with large
transmission ratios, as well as more complex
spatial configurations. In addition, this approach
can also be applied to various types of drives such
as bevel gears, worm gear sets, bevel gears, and
planetary gear trains, thereby establishing lookup
tables and optimal transmission ratio distribution
laws suitable for each type of transmission system.

Moreover, future research may integrate
additional optimization objectives such as bending
strength, vibration, noise, transmission efficiency,
power loss, lubricant oil temperature, and system
service life, which would enable the model to
approach actual operating conditions more closely.
At that stage, the lookup table would no longer be
only a geometric pre-design support tool, but could
also become a basis for initial parameter selection
under multi-objective optimization and multiple
operating conditions.

In particular, combining the optimization
model with modern simulation tools such as finite
element analysis (FEA) and computational fluid
dynamics (CFD) is a highly promising development
direction. FEA can be used to further evaluate
stress, deformation, stiffness, vibration, and fatigue
strength of the transmission system, while CFD
allows detailed analysis of the lubrication process,
oil flow distribution, heat dissipation capability, and
churning losses in the gearbox. This combination
will help verify and calibrate the optimal results
obtained from the analytical model, while also
improving design accuracy and shortening product
development time.
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In the long term, the proposed method can
be integrated into modern digital design processes
to support the automation of parameter selection
for mechanical transmission systems. When
combined with  multi-objective  optimization
algorithms, standard databases, machine learning
models, and CAE simulation software, this
research direction has the potential to establish an
intelligent design framework for various types of
gearboxes and gear transmission systems, thereby
better satisfying the increasingly demanding
industrial requirements for compactness, strength,
efficiency, and reliability.
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