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Abstract: This study investigates dynamic response of a viscoelastic FG beam
under axial compression and moving harmonic loads. The Mori—Tanaka model
is used to determine the thickness-wise power-law material properties of the
beam. The Kelvin—Voigt model is used to represent viscoelastic damping in the
beam. General motion equations are established using FEM. A parametric
study is performed to investigate the effects of material distribution, damping,
convoy velocity, axial compressive force, inter - load spacing, and excitation
frequency on the dynamic response. Numerical simulations demonstrate that
these parameters have a pronounced effect on the dynamic deflection
response of FG beams.
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1. Introduction

response of modified Timoshenko thin-walled

The problem of beams under moving forces
has been widely studied since the 19th century,
following a bridge collapse in England that first
highlighted the importance of this phenomenon.
Henchi et al. [1] showed that the Wittrick—Williams
algorithm yields exact natural frequencies and
mode shapes for multi-span beams under moving
harmonic loads. Kim [2] analyzed beams under
axial compression and moving loads with constant
or harmonic amplitude. In this study, a uniformly
distributed load moving at constant speed and a
linear hysteretic damping foundation are
considered. Kocaturk [3] wused Lagrange’s
equations to analyze axially loaded beams under
eccentric compression and a moving harmonic
point load. Furthermore, Cai [4] employing Fourier
and Laplace transformations, calculated the

beams in bending and torsional vibration subjected
to moving harmonic loads.

Recently, significant research interest has
been directed toward the dynamic analysis of FG
beams subjected to moving forces. The beam’s
dynamic response is evaluated with respect to
material distribution, load velocity, and excitation
frequency. Simsek et al. [5, 6] studied the free
vibration and dynamic response of a simply
supported FG beam under a harmonically varying
moving point load using the Euler-Bernoulli beam
model. Simsek [7] used the Timoshenko beam
theory (TBT) to study nonlinear dynamic responses
of a pinned—pinned FG beam under a moving
harmonic force. Employing both Euler—Bernoulli
and TBT, Wang [8], examined the forced vibrations
of an axially FG beam subjected to moving force in
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a thermal environment. The effective material
properties of the FG beam are evaluated using the
Voigt model and the Mori-Tanaka homogenization
model. Using the TBT, in [9], Simsek studied the
vibration behavior of sandwich FG beams
subjected to two harmonic moving forces with
constant speeds. Using the Ritz method in
conjunction with Newmark’s time-integration
scheme, Songsuwan [10] analyzed the vibration
behavior of sandwich FG beams supported by a
Pasternak foundation under harmonic loading.
Considering damping effects, Akbas [11]
examined the vibration behavior of viscoelastic
microbeams subjected to external excitation by
applying the size-dependent theory together with
the Kelvin-Voigt viscoelastic model. Dingetal. [12]
examined the effect of damping ratios on the
natural frequencies associated with transverse
vibrations in axially moving viscoelastic beams,
employing the Euler-Bernoulli beam theory in
conjunction with the Kelvin-Voigt model. Mohseni
and Shakouri [13] studied the free vibration,
damping, and forced response of sandwich plates
with a viscoelastic core and graphene-reinforced
face sheets. Akbas et al. [14] conducted a dynamic
investigation of composite deep beams containing
FG porosity subjected to sine pulse loads. In [15],
Yee et al. analyzed the coupled dynamics of
viscoelastic shear-deformable beams reinforced
with graphene nanoplatelets, featuring axial
functional grading and incorporating both
geometrical and material imperfections. Cui et al.
[16] examined the vibration behavior of viscoelastic
FG beams using the Kelvin—\Voigt fractional-order
model and quasi three dimensional beam theory.
The Kelvin-Voigt model has simple
mathema-tical structure. It accurately models
materials that recover all of their deformation over
time after a load is removed and provides
reasonable behavior for viscoelastic materials at
low frequencies. However, the Kelvin-Voigt model
is limited by its inability to accurately describe
stress relaxation and its failure to model permanent

T.V. Lien & L.T. Ha

deformation because the dashpot is constrained by
the spring. It is best suited for modeling creeping
solids. The model behaves non-physically at high
frequencies. To overcome these limitations,
complex models like the Standard Linear Solid or
fractional Kelvin-Voigt models are used. For most
practical purposes, the Kelvin — Voigt model is
adequate [17].

Existing investigations into damping effects
on beam dynamics are limited, and commonly
adopt a prescribed constant damping ratio.
Previous studies have not considered prescribed
ranges of damping ratios or evaluated how
changes in these ratios affect structural dynamic
responses. Recently, Lien and Ha determined the
ranges of damping ratios on the forced vibration of
the microbeams [18] and macrobeams [19] under
a constant moving force.

A comprehensive investigation of the
vibration characteristics of viscoelastic FG beams
under axial compression and a convoy of moving
harmonic loads is still lacking in the literature. In
this study, the forced vibration response of an FG
beam under axial compression and a convoy of
moving harmonic loads is analyzed based on the
TBT combined with the Kelvin-Voigt viscoelastic
model. The time-domain solution is obtained using
the finite element method in conjunction with
Newmark’s implicit integration procedure. The
study investigates how material properties,
damping ratios, load velocities, load spacing,
excitation frequency, and axial compression affect
the forced vibration of the FG beam.

2. Basic relations

Fig. 1 shows the FG beam with length L,
width b, height h and a rectangular cross section.
The beam is subjected to an axial compressive
force and multiple equally spaced point loads with
spacing d. The point loads move across the beam
at constant speed and remain continuously applied
to the beam. The volume fraction of material
changes through the height as given below:

V,(z)=(05+z/h)";-05<2/h<0.5 (1)
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In Eg. (1), n denotes a material parameter,
and z indicates the distance from the mid-plane of
the beam; Here, c is a subscript indicating ceramic
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materials. The effective bulk and shear moduli, Kt
and Gy, are obtained using the Mori—Tanaka model
as:

K. -K, |V
Kq (Z) =K + ( = fm) o(2) ;
1+ (1 _Vc(z))(Kfc _Kfm)/(Kfm +4Gfm /3)
G (Z) =G. + (ch - Gfm)vc(z) (2)
1(2)= G+~ (I-V.@)G, ~Gy)
Gy, + Gy (9K, +8Gy, )/ (6K, +12G,,)
—

Zz P v
d E: Gc Pec Ve

Fig. 1. A FG beam under the axial compression force and multiple moving loads

The FG material beam’s effective material
properties, including Young’s modulus E;
Poisson’s ratio vi, and the mass density pr may be

calculated as given below:

Ef(Z)Z gKf(Z)Gf(Z) :
3K (z) + G;(2)
v,(z) = —Ki(2)=2G/(2) . 3)

T 2[3K(2)+G,(2)]
Pi(2) = P Ve (Z) + P [1- Vo (2)];
According to the TBT, the displacement field
of the FGM beam is given by:
Uy (X, Z,t) = Upo (X, 1) — (Z2 —hy ) 0,(X,,, 1);

(4)
Wb(xb’ Z’t) = WbO(Xb’ t)’

In Eq. (4) Uy (X,,t), wo(X,,t) represent the

axial and transverse displacements of any point

along the neutral axis; O, is the cross-sectional

rotation, while hp denotes the distance between the
neutral axis and the x-axis, defined by the zero
axial force condition:

[ZE((z)dA

In the TBT, normal strain and shear strain are
given by:
€ = Upgx (Xprt) (Z -h, ) 0 (Xps1);
Tz = Woox (Xps ) = 0, (X, 1);
Using the Kelvin-Voigt damping model, the

constitutive relations for the functionally graded
material beam are given by [14-16]

(6)

Gxx = Efgxx(xb’t) + n1éxx(xb’t)

. oL n,(2)
=E + with: ¢, =
f(sxx €18xx) Gy E,(2) ,
o, =K.Ge,, +Kn,E,, (7)
nz(z)

= kSGf (sxz + QZSXZ) with : G, = m
f

where ks is the shear correction coefficient, for a

rectangular cross section ks=5/6; ¢1, co denote the

damping ratios for bending and shear, respectively.
Using expressions (4), (6), and (7), one gets

the strain energy Uy, [18]:

U, =

N =

L

2
j[A11ug,x —2A5U,, 0, + A229,2x +KAgs (WO,x - 9) }dx
0

(8)

the kinetic energy To:
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T, =% {h1 [(u0 )+ (Vg )1 — 21,00 + |2292}dx (9)

O e

and the dissipation function Rp:
R, =
L

0
(10)
Here A, A1z, Az, Ass are the rigidities,
respectively:

Ay = JE
Az J.E

l11, li2, |2 are
respectively:

1= Ipf(Z)dA; i, = _‘-pf(z)(z_ho)dA

)dAA,, = jE (z—h,)dA;
(11a)
(z—h,) dA; A, = jG

the mass moments,

(11b)
2 =[p(2)(2-h,) dA;
A
and Cq, Cq2, C2, and Cs3 are the damping
coefficients, respectively'

C, = jE z)dA;C,, = jE

Cy = [E ( (z—h,)* dA; C,, = J'G (z)dA;

A

51(2)(z=ho ) dA;

(11c)
The strain energy due to the axial force Pe:

P 2
Up =5 ] (wa ) ox (12)

The work of the external harmonic point load
Py can be written as follows:

numload L

Vo= . [P,cos(0t)w, (%,)3(%,, Vi, )dx (13)
m=1 o
In Eq. (13), d(.) denotes the Dirac-delta

operator, xpp, denotes the present distance of force
Py from the beam’s left end along the x-axis, wpp
denotes transverse displacement at the application
point of the force Py, and Q is the excitation
frequency.
3. Governing equation of an FGM beam

For the finite element formulation, the beam
is divided into a sequence of two-node Timoshenko

%”:CH (Uo,x )2 - 2C1zuo,xé,x +Cp (ex )2 +K,Cs3 (Wo,x - 9)2 }dx
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beam elements. Each node has three degrees of
freedom: u, w and 6. The element displacement
vector, denoted by dy, is expressed as:

df—{uweuwe} (14)

iy TN i i T i
In Eq. (14), the subscript ii refers to the left
node; jj refers to right nodes; Accordingly, the axial

displacement, the transerve displacement and the

rotation of the cross section of the beam element

are approximated by:

uii
Wii
o] [No 0 0 N o o | [N,
Wy t=/ 0 N, NZ 0 Ni Ny|[ [ [=[N,|d,
0, 0 N N 0o N NI V] OIN,
Wj
eJ'J'
(15)

In equation (15) N!,N? denote Lagrange’s

shape  functions; N Ni; i=14  denote

Kosmatka’s shape functions [20]. Using Eq. (15),
the total strain energy srored in the beam in Eq. (8)
is rewritten in matrix form as follows:

1 el
Ub:EzdfT(k11+k12+k22+k31)df (16)

where el represents the number of elements
employed in the discretization of the beam, and

L
ki, = _[NI,XA11Nu,de

K, = 2j NI, AN, dx
(17)
ks, = J.Ng,xAzzNe,de
0

k;, =k

s

—N, Jdx

From equation (9), the kinetic energy is
rewritten in the following form:

1 el . .
Tb=§zdfT(m11+m12+m22)df (18)

(Nw,x - NG )T A33 (Nw X

O —yr—

In Eq. (18)

65



JSTT 2026, 6 (4), 62-75

m11_INux11 wox11

L
X + I N 1N, dx;
0
My = _ZJ-NI,xlmNe,de; (19)
0

L

T )

my, = INe,xlzzNe,de=
0

The dissipation function in Eq. (10) can be
rewritten as follows:

1 el . .
R, =§deT (°11 +Cpp +Cxp +c33)df (20)

where

cﬁ_jNTc N, (dX;

Cpp = 2jNT C 1N, dx
(21)
Cop = J.Ng,xczzNe,de
0

Ca3 = k (Nw,x - Ne )T C33 (Nw X

— N, Jdx

The strain energy due to the axial force in Eq.
(12) may be written in a matrix form as:

S

O e

Ne

1
UPe - EzdkaEdf (22)
where k; is the geometric stiffness matrix:

kg - INW xPer xdx (23)
The work in Eq. (13) is derived as:
V, =) dff, (24)

Here f, denotes the time-dependent nodal

force vector, whose components are zero for all
elements except the one on which the moving load
is acting:

nload

f—ZPcoth )

(25)

Xp

and x, denotes the present distance of moving load

P from the beam’s left end along the x-axis.
Accordingly, the finite element discretization
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yields the following form of the equations of motion
for the viscoelastic FG beam [21]:

_dfaT, +8(Tb_Ub_UPe+Vb)_6Rb
dt| ad, od, ad,

J J

=0  (26)

The Lagrange’s equations of Eq. (26) can be
obtained as follows:

MD; (t)+C D, (t)+K D, ()=F(t) (27)
D,,D,,D, are
velocity, and acceleration vector, respectively; Ky,
C:, M¢ are the stiffness, damping and mass
matrices, respectively; F is the load vector in the
global coordinate system. The Newmark implicit
integration method with y = 1/2 and B = 1/4 [21],

which guarantees unconditional convergence, is
employed here to solve Eq. (27).

Here the displacement,

4. Numerical investigation

For convenience of presentation, the mid-
span normalized dynamic deflection wq(L/2,t)/woo
(ndd) and the dynamic magnification factor (dmf) fp
of the simply supported beam are defined as
follows:

3
. =max[wd(|‘/2’t)} We, PL
Woo

48E |
(28)
bh?
| =——; P, =P,cos(Qt
12 9 ( )
This section presents a numerical

investigation of the dynamic response of a simply
supported FG beam under an axial compressive
force P and different moving harmonic loads. The
FG beam made of steel with material parameters
[5]: Em=210GPa, pm=7800kg/m3 and alumina
(Al2O3) with material parameters: E.=390GPa,
pc=3960kg/m? is considered. The FG beam with
length L, width b and height h are specified as
follows [5]: h=0,9m, b=0,4m and the ratio L/h=20.
Furthermover, due to the scarcity of studies on
viscoelastic beams, the damping ratio is selected

as, therefore the damping ratios g1 and ¢2 are
assumed to have the same value ¢, =¢, =¢, within
the interval from 0 to 10" in this study.
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Table 1. Check the convergence of the computational program (n=2, Q=0, Pe=0, three loads, d=L/4).

No of el. 2 4 6 8

10 12 18 20 40

fo 0.9309 2.1197 1.8728

1.8879

1.8879 1.8879 1.8879 1.8879 1.8879

Table 2. Changes of the dmf of the FGM beam under a moving force when Q=0 and P.=0.

n foPresent v (m/s) fpSimsek[5] v (m/s)[5]
0.2 1.0648 219 1.0344 222
0.5 1.1816 195 1.1444 198
1 1.2828 176 1.2503 179
2 1.3648 162 1.3376 164
Full alumina  0.9370 251 0.9328 252
Full metal 1.7402 131 1.7324 132
5 1.8 , ‘ : :
+ Q=80 —v=40 present
1.6 v=40 simsek(2009) ||
4l v=60 present
1.4 e v=60 simsek(2009)}
v=80 present
31 1.2 8 v=80 simsek(2009)
A

—v=40 present

v=40 simsek(2009)
I v=60 present

1T e v=60 simsek(2009)]|
v=80 present

8 v=80 simsek(2009)
0 2 4 6 8 10
n a)

) 2 4 6 8 10

Fig. 2. Changes of the ndds at the mid-span with the various n when P =0: a) Q=40rad/s, b) Q=80rad/s.

A convergence study is performed first for the
proposed finite element. Table 1 demonstrates the
convergence of the developed finite element
program. It can be observed that when the number
of elements is 10, the dmf of the system shows
good convergence. In the following calculations,
the beam is divided into 40 elements, providing a
sufficiently fine discretization for forced vibration
analysis.

To assess the accuracy of the present FEM
approach, numerical results are compared with
those reported by Simsek and Kocaturk [5] in
Table. 2 and Fig. 2, as well as with Henchi et al. [1]
in Fig. 3. The close correspondence between the
present solutions and earlier findings demonstrates

the validity, accuracy, and
proposed FEM approach.

Fig. 4 shows the effect of the axial
compression load on the dmf (Fig. 4a) and the ndd
at the mid-span (Fig. 4b) without the damping
under three moving loads with d=L/4 in case of n=2
and Q=0. Itis shown that the dmf and the mid-span
ndd of the FG beam increase as the axial
compressive force increases, the stiffness of the
beam decreases. The beam undergoes more
oscillations when the velocity of the moving load is
under 100 m/s. Moreover, the curves
corresponding to P.=5000kN, 10000kN are very
close to the case without compressive load (Pe=0),
it also proves that the compressive loads

reliability of the
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considered are very small compared with the

critical load. In the following studies, the

3

d=L/8

o — Present
o Henchi(1997)

0
W

—
(V)] [\
T T

displacement deflection(mm)/0.3048

0.5
0«
-0.5 ‘ ‘ '
0 0.5 1 1.5 1.8
time(sec) a)

T.V. Lien & L.T. Ha

compressive load P.=5000kN is selected to
investigate the dmf and the ndd of the beam.
2.5 T o

—— Present
o Henchi(1997)

displacement deflection(mm)/0.3048

0 0.5 1 1.5 1.8
time(sec) b)

Fig. 3. Changes of the ndd for different values of the space between the three moving forces at

3.5
—P =0
€
_— PC:SOOOKN
3| — Pe:1 0000KN

1.5 : ‘ ‘ : ‘
0 50 100 150 200 250 300

Load velocity (m/s) a)

v =22.5m/s and P, =0, Q=0: a) d = L/8, b) d= L/4.

2
—P =0
€

—_— Pe=5000KN
S Pe=1000OKN

v=200 (m/s)

—_
W

0

w(L/2,t)/w

0.5r

0 0.05 0.1 0.15
times b)

Fig. 4. The effect of the axial compression force on the dmf and the ndd without damping in case of n=2,
0=0, and under three loads with d=L/4: a) The dmf; b) The ndd at v=200m/s.

Fig. 5 depicts the effect of the ¢ on the dmf

(Fig. 5a) and the ndd (Fig. 5b) under an axial
compression force P.=5000kN and three moving
loads traveling together with d=L/4 in case of n=2
and Q=0. The results indicate that increasing the
damping ratio leads to reductions in both the dmf
and mid-span ndd, while also suppressing the
oscillatory behavior of the dmf for all moving load
velocities. When the damping ratio ¢ < 1.102, the

dmf exhibits a maximum at a specific critical

moving load velocity. Furthermore, an increase in
the damping ratio leads to a reduction in both the
maximum dmf and the corresponding critical
moving load velocit. It is observed that for damping
ratios above 5.102, the dmf diminishes
monotonically across all considered moving load
velocities. In the following studies, the damping
ratio ¢=0.5.102 is selected to investigate the dmf
and the ndd of the beam.

Figs. 6-7 show the influence of the excitation
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frequency and the velocity of moving loads on the
dmf (Fig. 6a, Fig. 7a), the ndd (Fig. 6b, Fig. 7b) of
the FG beam under an the axial compression force
P.=5000kN and multiple moving harmonic loads
with d=L/4 in case of n=2 and ¢=0.5.10"2. It is noted
that Q=0 is responding to the constant moving
loads and Q=0 is responding to the harmonically
varying moving loads. It is showed that the dmf and
the mid-span ndd increase markedly as the
excitation frequency varies from 20rad/s to
60rad/s. Specially, the dmf reaches the peak at
0O=40rad/s. This is explained by the fact that the
excitation frequency Q=40rad/s is nearly coincides
with the natural frequency w=39.83rad/s, and
resonance phenomena occur for these
parameters. These results demonstrate that the
excitation frequency of the moving harmonic loads
is a governing parameter in determining the dmf
and ndd of the FG beam in such scenarios.
Moreover, the beam undergoes more oscillations
when the velocity of the moving forces is less than
100 m/s. It is observed that the dmf decreases
progressively with increasing moving load velocity.

Fig. 8 depicts the effect of the number of
moving loads with d=L/4 on the dmf when n=2,
¢=0.5.102 and P.=5000kN in case of Q=0 (Fig. 8a)
and Q=40rad/s (Fig. 8b). It is observed that
increasing the number of moving forces on the

3.5

3 L

2.5¢

0.5 ot ‘ ‘
0 50 100 150 200

load velocity (m/s)

250 300
a)

T.V. Lien & L.T. Ha

beam leads to higher maximum dmf values;
however, these increases are not uniform with
respect to the number of loads. Moreover, the dmf
of FG beam under a moving harmonic load
(QQ=40rad/s) is significantly higher than the dmf of
a beam under a moving constant load (Q2=0),
especially in the case of the velocity of moving
harmonic loads is under 150m/s. This is due to the
inertial force generated by forced vibration and the
resonance effect when the excitation frequency is
close to the natural frequency of the beam
(w=39.83rad/s).

Fig. 9 shows the effects of the distance
between forces of three moving forces traveling
together on the dmf with n=2, ¢=0.5.10° and
P.=5000kN in case of Q=0 (Fig. 9a) and Q=40
rad/s (Fig. 9b). The results indicate that a larger
distance between successive loads leads to a
decrease in the peak dmf as well as in the number
of oscillations of the ndd at the beam mid-span.
This is due to when the spacing between the loads
is small, their combined effect on the beam is
greater than when the loads are spaced farther
apart. Moreover, the dmf of FG beam under a
moving harmonic force is significantly higher than
the dmf of a beam under a moving constant load,
especially in the case of the velocity of moving
harmonic loads is under 150m/s.

— (=0
—(¢=0.1.102
—(=0.5.10"
—¢=1.102

(=2.5.10"
(¢=5.102

¢=10.102

v=200 (m/s)

w(L/2,t)/w
[\)

0 | 1
0 0.05 0.1 0.15
times b)

Fig. 5. The effect of the ¢ on the dmf and the ndd in case of n=2, Q=0, P.=5000kN, and under three
loads with d=L/4: a) The dmf; b) The ndd at v=200m/s.
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10 w T ‘ ‘ 10 v=10 (m/s)
v=10 (mis) o
v=20 (m/s) ——— v=60 (m/s)
81 v=40 (m/s) | 5| —— v
V=60 (m/s) ——Y
v=80 (m/s) <
6r =100 mfs) | = L
0 v=120 (m/s) a0
—
4t -
B
5t
2
Q=40 (rad/s)
0 | ' | | -10 : ‘ ‘ :
0 20 40 60 80 100 0 0.2 0.4 0.6 0.8 1
Q 2) times b)
Fig. 6. The effect of the excitation frequency on the dmf and the ndd in case of n=2, ¢c=0.5.10,
P.= 5000kN, and under three moving loads with d=L/4: a) The dmf; b) The ndd at v=20m/s
10 . . ‘ ‘ 10 : ; :
—0=0 — Q=0 v=20 (m/s)
—0=20 —0=20
8 — Q=40 — Q=40
— Q=60 5| ——0=60
—— =80
(=]
6 Tz
e é" 0
-
4 =
3
5F
0 : : : : = = -10 : : ‘ :
0 50 100 150 200 250 300 0 0.2 0.4 0.6 0.8 1
Load velocity (m/s) a) times b)

Fig. 7. The effect of the load velocity on the dmf and the ndd with n=2, ¢c=0.5.10"2, P=5000kN and under
three loads with d=L/4: a) The dmf; b) The ndd

10 ‘ ;
—number of loads=1 0=0 10

—number of loads=2
gl —number of loads=3
—number of loads=4

number of loads=1
number of loads=2
number of loads=3
number of loads=4

Q=40 (rad/s)

6 6
LHD LHQ
4 4
2 / < 2
J
0 I 1 T 1 I
00 5‘0 l(I)O 15'0 260 25‘0 300 0 50 100 150 200 250 300
. b)
Load velocity (m/s) a) Load velocity (m/s)

Fig. 8. The effect of the number of moving forces with d=L/4 on the DMF when n=2, ¢c=0.5.10"
and P.=5000kN: a) Q=0; b) Q=40rad/s
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10 10 ,
—d=L/8 Q=0 Q=40 (rad/s) —d=L/8
—d=L/4 —d=L/4
8 —ad=Lr2
—d=L
6 L
Q-P q-P
4+ ]
= —
0 L L I I
0 100 200 300 0 100 200 300
Load velocity (m/s) a) Load velocity (m/s) b)
Fig. 9. The effect of the spacing between loads of multiple moving forces on the dmf with n=2,
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Fig. 10. The effect of the n on the dmf under three moving loads with d=L/4 when ¢=0.5.102,
P. = 5000kN: a) Q=0; b) Q=40rad/s

Fig. 10 illustrates the effect of the volume
fraction index n on the dmf under three moving
loads with d=L/4 when ¢=0.5.102, P, = 5000kN in
the case of Q=0 (Fig. 10a) and Q=40 rad/s (Fig.
10b). It is shown that increasing the volume fraction
index and the load velocity, especially the load
velocity is under 40m/s, lead to increase the dmfin
two cases: a) a moving load without a harmonic
oscillation form; b) a moving load with a harmonic
oscillation form when n < 2. For constant loads, as
the material parameter n increases, the system

becomes stiffer, leading to an increase in the dmf
as the velocity increases. Otherwise, increasing
the volume fraction index and the load velocity lead
to decrease the dmf when n > 2 and the load
velocity is less than 40m/s for moving harmonic
load. Moreover, the dmf of FG beam under a
moving harmonic force is significantly higher than
the dmf of a beam under a moving constant force,
especially in the case of the load velocity is less
than 60m/s.

Fig. 11 depicts the influence of elastic
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modulus ratio on the dmf under three moving force
with d=L/4 when ¢ = 0.5.102, P, = 5000kN in the
case of Q=0 (Fig. 11a) and Q=40 rad/s (Fig. 11b).
It is shown that increasing the elastic modulus ratio
and the load velocity, especially the load velocity is
under 40m/s, lead to decrease the dmf in two
cases: a) a moving load without a harmonic
oscillation form; b) a moving load with a harmonic
oscillation form when the elastic modulus ratio is
greater than or equal to 1.75 (E2/E1>1.75). From
the figures, it can be observed that for moving
constant loads, the dmf decreases gradually as the
elastic modulus ratio between the two layers
increases. In contrast, for harmonically moving

9 : : :
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loads, the effect of the elastic modulus ratio is
significant when the excitation frequency is close to
resonance frequency and when the elastic moduli
of the top and bottom layers are nearly equal.
Otherwise, increasing the elastic modulus ratio and
the load velocity lead to increase the dmf when the
elastic modulus ratio is less than 1.75 (E2/E1<1.75)
and the load velocity is less than 40m/s. Moreover,
the dmf of FG beam subjected to a moving
harmonic force is significantly higher than the dmf
of a beam subjected to a moving constant load,
especially in the case of the load velocity is less
than 60m/s.

5. Conclusions

9 : : : :
=40 (rad/s) —v=10 (m/s)
8 —v=20 (m/s) |
—v=40 (m/s)
—v=60 (m/s)
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Fig. 11. The effect of the Young’s modulus ratio on the dmf under three moving loads with d=L/4 when
¢=0.5.102, P.=5000kN: a) Q=0; b) Q=40rad/s.

The dynamic response of the viscoelastic FG
beam under axial compression and several moving
forces has been examined. The Kelvin—Voigt
model is used to account for damping in the
dynamic analysis of the FG beams. The motion
equations of the viscoelastic FG beams under axial
compression and moving loads are derived via
FEM. The present results agree well with published
data. Based on the obtained results, the key
conclusions of this investigation are presented as
follows:

a) The axial compression force, damping

ratio and frequency of the moving harmonic loads
significantly influence the dmf and the mid-span
ndd.

b) The dmf and the mid-span ndd of the
viscoelastic FG beam increases in the cases:

+ The axial compression force increases;

+ The damping ratio is under 1.10%;

+ The excitation frequency of moving
harmonic loads is from 20rad/s to 60rad/s;

+ The number of moving force increase;

+ The spacing between successive loads in
the moving load convoy is reduced.
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+ The material parameter of the FG beam
increases.

c) The study also highlights the role of the
excitation frequency of the moving load, as well as
its distinct influence, compared to moving loads
with constant amplitude, on the DMF and dynamic
response of FG beams. These effects significantly
influence the vibration response of the viscoelastic
FG beam.

The present formulation may be extended to
investigate more complex structural configurations,
including multiple-stepped and multi-span macro-
and micro-beams subjected to various boundary
conditions.

6. Scope and limitations of the study

The present formulation is established for
viscoelastic functionally graded Timoshenko
beams whose material properties vary along the
thickness direction according to the Kelvin—Voigt
viscoelastic model. The formulation may also be
adapted for: (a) Euler-Bernoulli beam theory; (b)
microbeams  with  two-dimensional  material
gradation; and (c) hysteretic damping models.
Moreover, the proposed method can be applied to
FG beams with varying taper ratios along the
longitudinal direction by employing suitable finite
element discretizations.

It should be noted, however, that the current
study does not consider FG beams subjected to
moving masses or moving vibration systems. In
addition, thermo-mechanical coupling effects are
beyond the scope of the present work.
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