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Abstract: The roughness of a function to the given design is introduced. The
conditions to ensure the convergence of the roughness of the model functions
associated with designs to the roughness of the limit model function are
indicated. Since then, the paper confirms the almost sure convergence of the
roughness estimated by the method of shift residual to the roughness of the
theoretical model function. The conditions to ensure convergence is quite
extensive and easy to meet in real data analysis. Simulation studies show the
appropriateness of the theoretical conclusions. The quality of the estimate is
satisfactory even when the number of observations is relatively small, the
roughness of the original model function is not very large, but the variance of
the noise needs to be small. As the number of observations increases, the
roughness of the original model may decrease, and the variance of the noise
may not need to be very small, but the obtained estimate can still be quite
satisfactory.
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Tém tat: Trong bai bao, dd rap ctia ham sb theo thiét ké cho trwéc duwoc néu
ra. Bai b&o chi rd nhirng diéu kién dam bao sw hdi tu ctia dd rap cia ham mo
hinh lién két véi day thiét ké téi d6 rap cia ham mé hinh gi¢i han. Tw d6, sy
héi tu hau chac chan cta dé rap wéc lwong duwoc theo phwong phap phan dw
dich chuyén t&i d6 rap ctia ham mé hinh ly thuyét dwoc khang dinh. Cac diéu
kién dam bao sy hoi tu 1a kha téng quét va dé théda méan trong nhirng phan tich
dir liéu thwe. Nghién ciru mé phdng chi ra sw phu hop cta két luan ly thuyét
dwa ra. Chat lwgng cla wéc lwong la théa déng ké ca khi sé quan sat kha nhd,
do rap ctia ham md hinh gbc khong I&n 1dm song phwong sai ctia nhiéu can
phai bé. Khi sb quan sat ting 1én, d6 rap ctia mé hinh gbc cé thé gidm di, va
phwong sai ctia nhidu cé thé khéng can nhd 1dm nhwng wéc lwong thu dwoc
van c6 thé hoan toan thda dang.

Tw khoa: Do rap, hoi tu hau chéc chén, mé hinh héi quy hai pha, diém chuyén.

1. Giéi thieu

Nhiéu qué trinh chuyén déng tuan theo md

ctru, tdng sé&n pham quéc ndi Hoa Ky tuan theo mé
hinh diém chuyén boi. M6 hinh diém chuyén duoc
ap dung thanh cbéng trong nghién ctru sy sinh soi

hinh tuyén tinh hai pha, & d6 cac tham sé diéu
khién mé hinh gitr nguyén gia tri trong pha dau, tai
mot thdi diém nao dé né chuyén sang gié tri khac
va gilr nguyén trong pha con lai. Viéc nghién ctru
mo hinh ¢6 thay dbi trang thai nhw vay - con goi 1a
md hinh diém chuyén - da dwoc phat trién hon niva
thé ky qua va dat dwoc nhirng thanh twu ruc ré,
dwoc ap dung rdng rai trong nhiéu linh vre khac
nhau. Trong kinh t&, ngu®i ta thdy mé hinh diém
chuyén bdi la phi hop khi nghién ctru mébi quan hé
gitra 1ai sudt (interest rate) déi véi thay dbi 1ai suét
chiét khau (discount rate) quy dinh b&i FED. St
dung md hinh ARCH dé nghién ctru chudi thei gian
trong mién tan s6, ngwdi ta da phat hién ra sw
chuyén déi cGia chudi théi gian chi sé chirng khoan,
cling nhw thi trwdng ngoai héi lién hé mat thiét véi
khing hoang tai chinh & chau A va Lién X6. Theo
Caussinus H., Lyazrhi F., trong giai doan nghién

cua loai tdo cat lién quan dén 6 nhiém méi trudng,
trong nghién ctru dia chan, nh& d6 da phan biét
dwoc tin hiéu dia chan do dong dat va tin hiéu dia
chan t¥ vu nd bom nguyén t&r. C6 thé liét ké ra
hang loat &p dung ctia md hinh diém chuyén trong
hang khéng vii try, bién dbéi khi hau, ché do thay
van, lwgng mua, dy bao, tan cbng mang may tinh,
nghién ctu thé thao... Viéc nghién cru mé hinh
diém chuyén la can thiét va lién tuc dwoc phat trién
trong nhirng ndm gan day.

Xét md hinh

_(aptagx;+g khi1<i<k”

Yi= {ﬂo +Bxi+g khi k'<i<n, &

trong d6 a < x; <...<x, <b, a, b ¢ dinh
cho trwéc, cac sai s6 {g} la ngdu nhién,
o, 1, Bo, B1, k* cb dinh chwa biét.

Néu a, = B, va a; = B; thi md hinh (1) goi la
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khéng cé chuyén. Ngworc lai néu it nhat mot trong
hai d&ng thirc nay khéng xay ra, mé hinh dwoc goi
la c6 chuyén va k* dwoc goi la thoi diém chuyén.
Débi v&i mé hinh c6 chuyén, a; # B, va hai duong
thdng y = ag + ayx va y = 8, + f,x cét nhau tai
diém T trén nlra khodng [xj., Xi.+1) thi ham md
hinh dwoc goi la gay khuc lién tuc, md hinh dwoc
goi la lién tuc. Trai lai, mé hinh dwoc goi la gian
doan. O day, chung ta chi xét triérng hop md hinh
lién tuc. D3t h = B; — a;, Md hinh (1) dwoc viét lai
dwoidang y; = f(x;) + ¢, i =1,..,n, trong dé

fX))=ay+ax+h(x—1)I(x>1) (2)

la ham mé hinh va I(.) la ham chi tiéu.

C6 nhiéu phwong phap dé phat hién sw ton
tai thoi diém chuyén (xem [1], [2], [3],...). Gia st
chang ta biét rang thdi diém chuyén tén tai, can
woc lvong (UL) né. Hay chia quan séat thanh hai
nhém. Nhém th(r nhat ch®*a k quan sat dau
o y),i=1,....k VA gid s& &gy, @1, 12 UL binh
phwong cuc tiéu cho hé sé chan va hé sé géc cia
mé hinh tuyén tinh don twong tng. Nhém thir hai
chtran — k quan sét con lai (x;,y;),i=k+1,...,n
va gid s Bok, B1x 1a UL binh phwong cuc tiéu cho
hé sb chan va hé s géc twong ng. Yéu cau tw
nhién 1a diém chuyén khéng duwoc qué gan quan
sat dau cling nhw quan sat cudi, vay ta cn co k, <
k < n— ko v&i k, dG I&n. Theo [4], [5], xét phan dw
dich chuyén

&y = {3’1‘ - (.éo + .élxi) khi.
v; — (@ + @1x;) Kkhi

1<i<k,
k+1<i<n. ®)

Lwu y rang cac phan dw dich chuyén é;,
khong la phan dw théng thwdng: Khi tinh phan dw
cho nhém quan sat dau (pha dau), ching ta dung
wédc lwong tham s clia nhdm quan séat sau (pha
sau) va ngwoc lai. Uu diém clta cac phan du dich
chuyén 1a ching gan véi phan duw théng thwong
dwoi gia thuyét (khi (ag, a;) = (Bo,B1)), nhung
ching dwoc phéng dai lén duéi dbi thuyét
(@o, a1) # (Bo, B1)-
2. Sw héi tu cuaa do rap wée lwong

Trwdce hét ching ta can dén dinh ly sau da
dwara & [6].

Dinh ly 1. Gia slr xay ra cac gia thiét sau day:

T6 & Do

i) Thiét ké x; trai déu trén doan [a, b] = [0,1],
nghialax; =i/ni=1,...,n

i) Ham mé hinh c6 thé viét dwéi dang
fn(x) = ay + ayx + h(x — x=)I[(x > x3+),h # 0 (4)

ii) Ton tai 7, € (0,1/2) sao cho ky, < k* <
n — ko, trong d6 ko = |nty| + 1 va [1] ky hiéu phan
nguyén cda sb thyc 1.

ivV) x+ = 7 khin — oo.

v) CAc sai sb {¢;} 1a cac bién ngau nhién doc
lap, c6 ky vong khong, E(e?) =02 >0 v&i i=
1,...k E(e?) =0} >0v0ii=k*+1,...,n, 0%, 0%

chwa biét.
n
P&t k,= argmax Z &%
kosksn—ko =1

k , .
lim 7" =1 héu chéc chan (h.c.c.)

Khi do,
Hon nira,
i=1,2,

lima;; = q;
nooo  tkn 4]

lim By = ap — hr, Aim Bik, = a1+ ht (h.c.c)

n->00

CAc gia thiét & Dinh ly trén & kha tdng quét
va dé dap &ng duoc trong nhivng diéu kién thuc
t&. Gia thiét (ii) ddm bao rang, méd hinh l1a gay khac
lién tuc. Theo gia thiét (iii) ta chi cAn xét thoi diém
chuyén twr k, dén n — k,. Gia thiét nay dam béo sy
héi tu cha cac tham sé UL dwoc. Theo [4], chon k,
sao cho ky, = Con + 0(1), C, € (0,0.5). Gia thiét (ii)
c6 nghia rang xy, la diém chuyén ctia md hinh cé
n quan sat. T (iii) rd rang rang k, — oo khi va chi
khi n - co. Gia thiét (v) rat tdng quat, & d6 céac
phwong sai & hai pha ¢? va ¢Z noi chung khac
nhau. Két luan & Pinh ly 1 khang dinh diém chuyén
wée lwong dworc k,, /n s& hoi tu hau chac chén, loai
héi tu rat manh cla ly thuyét xac suét, dén diém
chuyén thyc 7.

Ham f(x) cang gb ghé, cang léch nhiéu so v&i
dwong thdng thi kha nang phat hién ra diém
chuyén cang I&n. Khai niém do rap dwoc dwa ra dé
do mirc d6 gb ghé ctia ham mé hinh.

Binh nghia 1. B6 rap cua ham f(x) dwa vao
thiét ké {x,,..., x,,} duoc ky hiu bdi S2(f, {x;},,) va
xac dinh theo cong thirc (5)
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1% -2
SA () = 2 ) (fG) = @+ b))
1

trong d6 @, b la UL binh phwong cuwc tiéu cta
hé sé goc va hé sb chan twong (rng ctia md hinh
héi quy tuyén tinh don v&i tap div liéu
(xi, f(x)),i=1,...,n

Chay rang S%(f, {x;},) la UL cho phwong sai
chung chwa hiéu chinh ctia mé hinh tuyén tinh
théng thwdng. Tuy nhién, cac dir liéu {(x;, f (x;))}
khong ngdu nhién nén ta khong nén goi day la
phuwong sai chung. D6 rap la mét dac trwng hinh
hoc hay st dung trong co hoc, thé hién murc do
khéng thang, gd ghé ctia dweng cong y = f(x) khi
tién hanh quan sét tai cac diém x;.

Khi chuyén sang trwerng hop ¢6 vo han diém
thiét ké, ta coi méi ham phan bb F(x) c6 gia J c
[a, b] chiva it nh4t hai diém & mét thiét ké suy rong
trén J. D6 do xac suat irng v&i ham phan bd F(x)
ky hiéu Ia (dF).

Binh nghia 2. B6 rap cda ham f(x) dwa vao
thiét ké F(x) co gia trén J dwoc ky hiéu béi S2(f, F)
va xac dinh theo cbng thtrc (6)

S2(f,F) = min f(f(x) — (a+ bx))%dF (x)
J

(a,b)ER?
bat
z1(x) =1, z3(x) = x,

<zzl >p= [< Z;, 7] >F]

_ [< Z1,21 >F < Z1,2Zy >F]
1< 23,2y >p < 23,25 >pl
<z f >F
<zf >p= [< o f >F], (7)

trong 46 (k, £}y = [ k(x)(x)dF (x).

Chung ta chi xét nhirng thiét k& ma ma tran
< z,zT > kha nghich. Theo phwong phap binh
phuwong cuc tiéu, cuc tiéu & (6) ton tai va dat dwoc
tai

@b =(<zz" >) ' <zf > (8)

Mbi thiét ké roi rac {x;,i = 1,...,n} co it nhat
hai diém phan biét la mot thiét ké suy réng
Fy,..x,(x) 12 ham phan b6 miu cia miu quan sat
X1,..., X,. D& thly rang (5) la trwéng hop déc biét

T6 & Do

cua (6). Ngwoi ta cling dwa ra khai niém d6 rap dwa
vao ho dwdng cong téng quat hon nhw ho dwéng
bac hai, bac ba,... Cac tinh chéat ctia d6 rap cé thé
tham khao & [7].

Gia st d6i v&i mo hinh (1), ching ta tim dwoc
wée lwong cho thdi diém chuyén 1a k, va wéc
lwgng twong ng cho tham sb & pha dau va pha
sau lan luot la @y , @5 VA Bog,, Bar, - HOI rdng do
rap cua ham md hinh UL duoc

. &Ol}n + &lknx, 0<x<k,/n
h@“{&%ﬂmg,am<x<1w)
c6 hoi tu vé& dd rap ctia ham f(x) xac dinh bai
(2) hay khéng? Néu diéu nay dwoc khang dinh thi
véi n da 1én, d6 rap S2(f,, {x;},) s& xap xi do rap
S2(f, x), va do d6, néu S%(f,, {x;},,) 1a16n, ta c6 thé
tin twdng nhirng két luan théng ké da dwa ra. Trai
lai, néu S2(f,, {x;},)) twong dbi nhd, cac két luan vé
gia tri ctia cac tham s ky, &gy, , @1z, Bok, Brk, CO
do tin twéng thap.

Cau tra 10i 1a khang dinh. Trwéc hét ta dua
ra dinh ly sau day.

Dinh Iy 2. Gia s xay ra cac diéu kién sau
day:

1) D&y thiét ké E,(x) hoi tu yéu dén thiét ké
F(x): E, = F.

2) gn(x),g(x) la nhirng ham do dwoc, bi
chan déu trén [0,1]:

TontaiM > 0d€ |g(x)|, |gn(x)| <M Vx €
J,vn.

3) (dF)(E4) =0, trong do (dF) la d do xac
sudt wng voi ham phan bé F(x), E;={te€
J3{ta} R, ty =1, galtn) #» g(0)}

Khi d6 S2(g,, E) = S%(g,F).

Ching minh. Cac ham z;(x) lién tuc va bi

chan, F, = F, vay
1

< z;,%; >Fn=f z;(x)zj(x)dF, (x)
0

1
> [ 2y @i=12.

Hon niva, cac matran < z,z" >p ,< z,z" >
kha nghich, vay
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det(< z,2" > ) - det(< z,z" >;) # 0.

T d6 mdi ddy cAc phan tr cla ma tran
(<z2" >Fn)_1 héi tu dén phan tl twong &ng cla
matran < z,zT >g.

R6 rang cac ham z;(x)g,(x), z;(x)g(x)lado
duoc, bi chan; Eyxg € Eg, (AF)(Ezxg) <
(dF)(E,) = 0 tir didu kién (3). Theo Dinh Iy 5.5

trong [8] thi
1
< 2 Gn S5 = f 20 gn(x) dEy (%)

0
1
= [y zi(x) g(x) dF (x).
Suy ra
(dn,En)T = (< Z,ZT >Fn)_1 <ZJgn >Fn
- (<zzT >t <z,g9>r=(aDb)T. (10)
Tw chd

1 ~ ~ 2
Sz(gn, E) = fo (gn(x) — (ap + bnx)) dF,(x),
khai trién vé phai thanh tbng, st dung (10) va
lap luan twong ty nhw trén ta dwoc

~ 2
S2(gn Fa) = [ (9(0) = (@ +bx)) " dF (x).
Lwu y rang gi¢i han nhan dwoc chinh la

S2(g,F) = min f(f(x) — (a + bx))%dF (x).
]

(a,b)ER?
Hé qud 3. Gid s ham phan bdé méau
Fy,,.x,(x) clamau {x;}, hoi tu yéu dén F(x) la thiét
ké trén [0,1], ham F(x) lién tuc tai v € (0,1). Gia st
cac ham md hinh h(x), h,,(x) cho bé&i
_(Aon t a1nx, 0 < x S vy,
hn () = {b(m + bypx,v, <x<1°
_(apt+a;x,0<x<v,
h(x) = {bo +bx,v<x<1.

sao cho
lim A, = a, lim bin = bi' i = 0,1,
n—-oo n—oo
limv, =v.
n—oo
Khi doé lim Sz(hn, {x;}) = Sz(h, F).
n—oo

Chrng minh. R6 rang cac ham h,(x), h(x) la
cac ham do dwoc, bi chan déu trén [0,1],
,Fi’&hn(x) = h(x),Vx #v,x € [0,1], vay Ej c {v}.
Theo gia thiét, diém gian doan duy nhét c6 thé cta
h(x) la v, tv d6 (dF)(E,) < (dF){v} = 0. Ap dung
Pinh ly 2 ta dwoc

T6 & Do

Dinh Iy 4. Gia st cac gia thiét & Dinh Iy 1
dwoc thoa man. Khi dé

7115{3052(]611' {x}n) = S*(f,U) (h.c.c)

trong do f(x) xac dinh theo (2), £, theo (9) va
U(x) 1 ham phan bé d&u trén [0,1].
Cac ham f,,(x) va f(x) do dwoc, bi chan déu h.c.c.,
f(x) lién tuc. Dat £, = k,,/n, Theo Binh Iy 1,

limt, =7, lima; =a; i=1.2,

n—-oco n—-oo n
limB,; = ay— ht = limB; =a;+h=
lim foz, = ao Bo, limpBig, =ay P

(gioi han h.c.c.). Vi U(X) lién tuc trén (0,1), ap
dung Hé qua 3 ta nhan dwoc két qua can chirng
minh.

3. Nghién cru m6 phéng

Xét hai ham mé hinh

2
X, OSXS§
fl(x): 2 2< <1
31 3 X = )
2
X, 0Sx£§
fZ(x): 2 +10 2< <1
3¥ Ty 3SY=4
0.8
0.6 \
S
\ w— | |
0.4
0.2
0

Hinh 1. D6 thi cAc ham mé hinh £, va f,
Trudc hét can tinh S2(f, U) = min (i) =
a,
(a + bx))?dx. St dung két qua & [9, tr 65]:

S (fu, U)
1
f dx
0

1
= det f xdx
0

folxdx folfi(x)dx

folxzdx J:xfi(x)dx

folfi(x)dx folei(x)dx jolfl-z(x)dx

15
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1 1
< det-1 < Jodx f, xdx)

fol xdx folxzdx 1

chung ta nhan dwoc S(f;,U) = 0.060767,
S(f,, U) = 0.101279.

Qué trinh mé phdng bao gém N = 2000 lan
lap, mi lan 1&p doc l1ap gdm mét sé budec.

Bwéc 1: Sinh quan sat mé phéng. O méi
bwéc 1ap doc lap, dbi véi kich thwéc mau n va voi
k* =|2n/3], sinh k* bién ngau nhién doc lap
€1, ..., &g+ 1 phan bb chuén N (0, 62), van — k* bién
ngau nhién doc 1ap ex44, ..., &, t¥ phan bd chuén
N(0,03).

DPéi véi mdi ham mé hinh f(x) = f;(x), lap
mau md phéng (x;, y;) VOi

i
X ==, }’i:f<;)+£i'

Buwdc 2: Tim UL cla diém chuyén

i=1,..,n

+VOiméi k € {[EHE] +1,.., ls—nJ} = K, goi:
6l'le 6 )
®ox» @1x 18 UL binh phwong cuc tiéu cha hé
sb chan va hé sb goc cia md hinh tuyén tinh don
déi v&i k quan sat diu tién (pha dau): (1/
Y1), -, (k/M, Yie).
Bow, Prx 1@ UL binh phuong cuc tiéu cta hé
sb chan va hé s goc ctia mé hinh tuyén tinh don

T6 & Do

+ Lap cac phan dv dich chuyén é;,i = 1, ..., n:

N PO
Vi~ (BOk +ﬁlk£) vei 1<i<k
éik = i
yi—(&0k+a1k£) veik+1<i<n
+ Tinh sai sé binh phwong trung binh ctia cac
phan dw dich chuyén:

1 n
2 § 52
Snk = €.
nk n—2 ik

i=1

+ Tim k dé sai sb binh phwong trung binh cac
phan dw dich chuyén I&n nhét:

|- 2
k, = arg max sy,.

kek
Buwdc 3. Tim d6 nhap cia ham mé hinh wéc
lwong
+ Lap ham mé hinh UL
Qop, + Mg, x, 0=<x<ky/n
fn(x) =3 ~ ~
Bok, + Pir,%  kn/n<x<1.

+ Lap cac dy bao ctia ham mo hinh U'L:

Ao, + Ay, — vOi 1<i<|ky/n|

fni =

N':IN-

Bok,, + ﬁl,;na voi  |kn/n] <i<n.

+ Loc bang mé hinh héi quy tuyén tinh don dbi

) . voi die lieu  ((i/n), fui )i =1,..,n, tim sai sb
doi v&i n — k quan sat cudi cung (pha sau): chuin (Standard error) SE, =
k+1 n
(= ) G ). Jasm-2nzn, e
Bang 1. Gia tri trung binh SE,, va d6 léch chuan s
clia do rap cua ham mé hinh wéc lwgng theo moé phéng
Sigma n fif1 fifz
S(f,U) SE, SsE, S(f,U) SE, SSE,
20 0.060767 0.349127 0.139681  0.101279 0.355916 0.144979
(1,0.5) 50 0.060767 0.232269 0.089166 0.101279 0.238314 0.087734
100 0.060767 0.170687 0.061752 0.101279 0.177822 0.063905
20 0.060767 0.144138 0.059700 0.101279 0.099449 0.036686
(0.4,0.2) 50 0.060767 0.100117 0.036995 0.101279 0.087827 0.026550
100 0.060767 0.075539 0.025693 0.101279 0.086222 0.022090
20 0.060767 0.080605 0.032294 0.101279 0.154684 0.062447
(0.2,0.1) 50 0.060767  0.060830  0.020777 0.101279 0.111987 0.039481
100 0.060767 0.054021 0.016421 0.101279 0.094985 0.030688
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Téng hop két qua. Tinh trung binh mau SE,
va d6 léch chudn mau ssz clta 2000 gia tri SE,
nhan dwoc. Bua két qua tdng hop vao Bang 1.

Bang 1 chi ra gia tri trung binh SE,, (c6t 4, 7)
va do léch chuan mau Ssg, (COt 5, 8) tinh toan dwa
trén cac ham moé hinh f; va f, trong cac trwdng
hop n=20,50,100 va khi (oy,0,) = (1,0.5),
(0.4,0.2), (0.2,0.1). Bé tién theo dbi, cot 3 va cot 6
duwoc dwa thém dé chi can bac hai ctia dd rap cua
mo hinh gdc twong ng.

Chét lwong cta wéc lwong phu thudc vao do
lén cGa d6 chéch [S(f,U) — SE,| va sgg,. Cac gia
tri nay cang nhé, chat lwgng UL cang cao; trai lai,
cac gia tri nay cang Ién, chat lwong cia UL cang
gidm. Céc két qua & Bang 1 chi ra rang, nhirng két
qua phét hién ra & phan tich ly thuyét néu trén la
théa dang. Khi kich thwéc mau n 1én, dé rap cia
ham mé hinh gbc Ién va phwong sai ctia nhiéu kha
nhd, ching ta sé cé nhivng UL tét nhéat. Khi sb quan
sat con twong ddi nhé (n ~ 20), va sai sd nhiéu
khéng I6n, Max(a,,0,) < 0.2, ching ta van c6 UL
tbt k& cd ham md hinh gbc khéng rap lam
(S(f,U) = 0.07). Khi sai sbé nhiéu I&n Ién,
Max(oy,0,) ~ 0.4, can c6 kich thwéc mau n Ion
hon va (hodc) dé rap cia ham md hinh géc 1én
hon. N6i chung, khi kich thwéce maun tang Ién, khi
do léch tiéu chuan o, o, gidm di, va khi d6 rap cta
ham md hinh gbc S(f,U) tang lén thi chat lwong
cla UL sé tang lén.

4. Két luan

Vé&i mot sb gia thiét d& dang thwe hién trong
nhirng didu kién cua thyc té, do rap wéc lwong
dwgc cia ham md hinh khi dung phwong phap
phan dw dich chuyén hoi tu hau chéc chén téi do
rap cta mod hinh thyc. Tt d6, khi n da Ién, do rap
wéc lwong dwoc cho ta théng tin hivu ich: Néu do

T6 & Do

rap lon, ta cé co s& dé tin twdng cac két luan dwa

ra; néu do rap nhd, cac két luan thu dwoc c6 dé tin

twdng thap. Nghién ctru mé phéng chi ra sw phu

hop cla cac két luan dua ra.
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