Tap chi Khoa hoc va Cdéng nghé Giao théng Tap 4 S6 4, 56-66

JoLl

Tap chi dién tk

Khoa hoc va Céng nghé Giao thong
Trang website: https://jstt.vn/index.php/vn

Article info
Type of article:
Original research paper

DOI:
https://doi.org/10.58845/jstt.utt.2

Survey of the common conic beast of 2 pairs

of conjunct virtual points - Part 1

Nguyen Van Tien

University of Transport Technology, 54 Trieu Khuc, Thanh Xuan, Ha Noi,
Vietnam

024.vn.4.4.56-66

“Corresponding author:
Email address:
bknguyenvantien@gmail.com

Received: 5/6/2024
Revised: 12/12/2024
Accepted: 20/12/2024

Abstract: Plane conic beams have 3 types: beams with 4 real points, beams
with 2 real points and 2 imaginary points, conic beams with 2 pairs of
conjugated virtual points. The article “Two flat conic beams share at least 2 real
points in common, by the same author, has published in the journal of
architectural science, number 47, 2023. As for the common cluster of 4 virtual
points, surveyed in this article, the investigation also uses the synthesis
method, algebraic and analytic implementations, done on the computer, and in
my argument, it is done in the following way: cutting projections, projective
transformations, but do not use analytical algebra. The drawings are also
drawn using autolisp programming, written by themselves. The content of
surveying plane conic beams with 2 pairs of virtual points is divided into parts.
Part 1: apply the previous results of projective projection, and use part of the
results of the oblique antipodal intersection transformation to establish the
conics of the beam. Part 2 investigates the nominal transformation of the
perpendicular antipodal intersection. special cases of plane conic beams with
2 pairs of conjugated virtual points.

Keywords: straight line-plane; conjugate virtual common point; common
antipodal point; common antipodal line; co.2tp = conic to identify 2 tangent
points.
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Toém tat: Cac chum conic phang cé 3 loai: chum chung 4 diém thwc, chum
chung 2 diém thuwc va 2 diém o, chum conic chung 2 cdp diém 3o lién hop.
Hai chum conic phang c6 chung it nhat 2 diém thwc, da dwoc tac gia khao sat
va dang tai trén tap chi khoa hoc kién tric nam 2023, s 47. Con chum chung
4 diém ao, dwoc khao sat trong bai nay Cach khao sat ciing dung phuong
phap t6ng hop, cac thwc hién dai sb va giai tich, khi v& dwoc thwe hén trén
may tinh, con trong 1ap luan chirng minh, t6i theo cach chiéu cat, bién déi xa
anh, nhwng khéng dung dai sb giai tich, Cac hinh vé ciing vé theo lap trinh
autolisp, tw viét ra. Noi dung khao sat chum conic phéng chung 2 cap diém ao,
dwoc chia lam 2 phan. Phan 1: 4p dung nhirng két qua da cé tir trwdc clia xa
anh, va st dung 1 phan két qua bién ddi giao dbi cuc xién dé lap nhirng conic
ctia chum. Phan 2 khao sat theo danh nghia bién ddi giao ddi cwc vudng géc,
va céac trudng hop dac biét clia chum conic phéng chung 2 cdp diém 3o lién
hop.

Sw nghién ctru nay la can thiét, vi né mé ra kha nang dung conic qua 3 diém
thwe va 2 diém &o lién c6 nhiéu ap dung trong hinh hoc, cudi bai cé thé lay 1
vi du khi 1ap mét bac hai qua 9 diém doc lap.

Tw khéa: dwong thang; mat phang; diém chung 4o lién hop; diém dbi cwc
chung; dwéng thadng dbi cwc chung — (conic. 2 diém tiép xuc) ki hiéu la co.2tp.

Phan 1. Dwng conic méi cia chum conic
chung 4 diém ao.

M& dau-Nhirng phan néi sau day, phai ding
nhiéu Iap luan trén hinh vé chinh xac, méi hinh vé
c6 hang chuc ki hiéu diém dwong thdng, mong
nguoi doc cha y dé hiéu hinh vé.

Cho trén mat phang pi, 1 elip co.1, va 2
dwong thdng g1-q2, cat nhau & K, mdi dwong
thadng nbéi 1 cap diém &o lien hop chung. Trong
phan nay, xét treong hop diém K la hiru han, do
do cac cap diém ao chung ciing 1a diém hiru han.
1. Khao sat chum conic cé 2 cap diém ao lién
hop, thuéc q1,92 hivru han, cat nhau
1.1. Tim cac cwc chung, cac dwong thang doi

cwc chung

Ta goi chum cho b&i conic co.1 va 2 dwdng
thdng, q1,g2 khong cét co.1 theo diém thuc, Ia
chum 0, can tim 3 diém dbi cwc chung K,M,N va
3 dwdng thang déi cwe chung k,m,n... Theo tai liéu
tham khéo [1], [2], ttr conic co.1, va 2 dwdng thang
g1, g2 hinh 1.1a, Ta tim trén hinh 1.1b: giao diém
K= dwérng thdng q1 x g2 1a cwe chung cia chum 0,
Di nhién diém K ndm ngoai co.1 (1.1a). Ta dwng
duwoc 2 tiép tuyén véi co.1, va tim dwoc duong
thang ddi cuc k, cét co.1, va 2 dwdng thang q1,92
theo 2 cap diém khong chia ré, va 2 hang diém déi
hop trén k c6 2 diém kép M,N.1a 2 diém dbi cuc
chung , va cho 2 dwéong thdng ddi cwe chung cla
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chum conic 1a dwéng thang m(KN), dweng thang
n(KM). Ta thdy rang, méi dworng thdng béat ki cat
chum 0, theo hai hang diém dbéi hop, khong chia
r&. (1.1b)

Hinh 1.1b. Vé dugc elip va hypecbol méi ...
1.2. Lap conic méi...

V&i chum conic chung 4 diém thwc ABCD, thi
c 14y 1 diém thyc th 5, la 1 diém E cia mét
phang pi(ABCD),thi xac dinh 1 conic ctia chum
ABCD. V&i chum 4 diém ao ABCD, thi phai xac
dinh 5 diém thuyec...

Theo tai liéu tham khao [2] Course in
projection geometry, trang 173, trong mat phang,
néu c6 chum conic ABCD, thi moi dwéng thang | di
qua 1 diém X, cat chum conic nay theo hai hang
diém dbi hop, trén méi dworng thang dé, diém X cé
1 diém twong tng X', thi tap hop cac diém X, X’ lam
thanh 1 conic di qua ABCD. (1.2a). Ta c6 hé qua:
moi dwdng thdng qua X, c6 diém twong (ng
Desargue X', va dwong thang di qua X, c6 diém
twong wng X”, thi tap hop cac diém X, X, X”... cung
thudc 1 conic cia chum (ABCD). (1.2b)

Hé qua: khi mét dwong théng di qua X, va 1
diém dbi cwc chung vi du M, cat dwong thang dbi
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cwc m, & M, thi diém Desargue X thod man M M’

X X=-1(1.2c).

1.3. Lap trinh dé tim nhanh két qua trén hinh vé
Tim X chia diéu hoa cung X vé&i A B.Isp; thi

c6 ti s6 kép (ABXX’')=-1

(setqg A (getpoint"cho 1 diem A cua duong conic:"))

(setq B (getpoint"cho 1 diem B cua duong conic:"))

(setg X (getpoint"cho diem C thang hang AB:"))

(setq E (polar C (+(angle A B)(/ pi 2)) -50))

(setq F (polar C (+(angle AB)(/ pi 2)) 25)) (setqP

(inters AE B F nil))

(setq Q (inters AF B E nil)) (setq X’ (inters P QAB

nil))

(command "circle" X’ 4) (command "erase" "all" ""

"redraw" "oops")

(close file) Theo lap trinh nay, ta cé két qua (1.3a)
Tim diém desargue Isp.

(setq A1 (getpoint"cho 1 diem A1 cua hang diem:"))

(setq A2 (getpoint"cho 1diem A2 cua hang diem:"))

(setq B1 (getpoint"cho 1 diem B1 cua hang diem:"))

(setq B2 (getpoint"cho 1diem B2 cua hang diem:"))

(setg X1 (getpoint"cho 1 diem X1 cua hang diem:"))

(setqg TP (polar A1 0 20)) (setq T (polar TP (/ pi

2.) 20)) ;(command "circle" T 15) (setq A1P (polar

T (+(angle T1 A1) (/ pi 2.)) 20))

(setq A1G (inters TA1P T1 A1 nil))

(setqg A1c (polar T1 (angle T1 A1G) (* 2 (distance

T1A1Q))))

;(command "circle" A1c 1)

(setq A2P (polar T (+(angle T1 A2) (/ pi 2.)) 20))

(setq A2G (inters T A2P T1 A2 nil )) ( setq A2c

(polar T1 (angle T1 A2G) (* 2 (distance T1 A2G) )

)

;(command "circle" A2c 1)

(setq B1P (polar T (+(angle T1 B1) (/ pi 2.)) 20))

(setq B1G (inters T B1P T1 B1 nil)) (setq B1c (polar

T1 (angle T1 B1G) (*2 (distance T1 B1G))))

;(command "circle" B1c 1)

(setq B2P (polar T (+(angle T1 B2) (/ pi 2.)) 20))

(setq B2G (inters T B2P T1 B2 nil))

(setq B2c (polar T1 (angle T1 B2G) (* 2 (distance

T1 B2G)))) ;(command "circle" B2c 1) (setq Fe

(inters A1c A2c B1c B2c nil)); (command "circle" Fe
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2)

(setg X1P (polar T (+(angle T1 X1) (/ pi 2.)) 20))
(setg X1G (inters T X1P T1 X1 nil))

(setq Y1c (polar T1 (angle T1 X1G) (* 2 (distance
T1 X1G))))

;(command "circle" Y1c 1)

(setq Y1cP (polar T (+(angle Fe Y1c) (/ pi 2.)) 20))
(setq Y1cG (inters T Y1cP Fe Y1c nil))

(setq d3 (distance Y1CG Y1C))

(setg X1C (polar Y1CG (angle Fe Y1CG) d3)) U
(setg X2 (inters T1 X1C A1 A2 nil))

(command "circle" X2 10)

(command "erase" "al
(close file)

Theo ap trinh nay, tir 2 cap diém twong &ng,
va 1 diém X, trén dwdng thang Q, trén hinh vé cho
ngay diém twong &ng X'. (1.3b) Ciing lap trinh cho
trwdng hop 1 dwdng thang Q, cat chim conic theo
hai hang diém déi hop, thi tlr diém vo tan Q* trén
Q, ta tim dwoc diém twong &ng hiru han QI.(1.3c)

T d6 suy ra néu lay 1 diém E thudc mét
phdng chum (4 diém o ABCD),thi trén dwdng
thdng KE tim dwoc diém E2, dé KE cat duong
thadng k & diém K, va (K K’ E E2)=-1, twong tw
dweng thdng M E cét duwong thang ddi cucm & M,
va diém E3 thod man M M’ E E3=-1, dwdng thang
N E cat dwong thdng n & N’, va diém E4 sao cho
(E-E4, N N')= -1, lay thém 1 diém trén 1 dwong
thdng 15 (E), cat conic co.1, va 2 duwong thang
q1,92 , theo 2 cap diém cua 1 lién hé dbi hop, ta
tim dwoc diém twong ng cta E la E5 . Theo tinh
chét (1.2a), 5 diém nay xac dinh 1 conic di qua 4
diém chung 4o ABCD clia chum conic d& cho: co.1
va 2 dwong thdng q1,g2. Trén hinh 1.1c. Ta vé
dwoc conic co.2 di qua E,E1,E2,E3,E5. Vi 4 diém
chung ABCD la o, trén 2 duwdng théng q1, g2, nén
khéng trong thay co.2 di qua 4 diém ao nay.

Co thé kiém tra, nhw sau: Tl 1 diém F1 bat
ki trén dwong thdng g1 ndi 2 diém chung o A,B,
dwng dwoc 2 tiép tuyén véi co.1 1a t11, t12; va 2
tiép tuyén voi co.2 1a t21, 122, véi 4 tiép diém la
U11,U12; va U21, U22. R3 rang hai dwéong thang
ddi cwe cua F la dwong thdng U11-U12 va U21-
U22 phéi ct nhau & 1 diém F2 trén duwong thang

redraw" "oops")
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q1. vi F1-F2 1a 2 diém chia diéu hoa doan A-B (du
2 diém chung A,B la thyc hay a0). Trén hinh 1.1c,
diém E lay & trong elip co.1, nén conic tim duworc,
chéc chan 14 elip, & trong elip co.1. Nhung néu lay
diém E & ngoai co.1, thi conic tim dwoc co thé 1a
hypecbol, hay parabol, hoac elip, khdng c6 gi
khang dinh.

Con khi lay 1 diém xa vo tan thuéc mét phang
(KMN), thi n6i chung sé tim dwgc conic cha chum,
la 1 hypecbol, c6 diém xa vo tan thi hai, chwa biét
trwéc,chi vé xong hypecbol, m&i xac dinh
dwoc...nhw trén hinh 1.1c: bat dau vé 1 dwong
thdng c6 phwong E*, cét co.1 va 2 dwong thang
q1,92 theo 2 cap diém xac dinh 1 lién hé dbi hop,
tim diém twong (ng cda diém vo tan E*, 1a 1 diém
h*u han E2-Dwng 3 dwong thadng qua diém E2
trén mdi dworng thang nay, tim dwoc 1 diém theo
dinh li Desargue 2,tirc la c6 thém 3 diém hivu han
E3.E4,E5, ta dwng dwgc conic qua 5 diém E* E2,
E3,E4,E5 va trén conic nay, co 1 diém vo tan nira
la diém F*, d6 1a 1 hypecbol. Di nhién trong sb
nhitng diém xa vo tan, sé& cé trwdng hop cho
parabol ctia chum, nhwng khéng mo ra dwoc diém
vo tan doé...

Hinh 1.1c. Vé duwoc elip, hypecbol ciia chum

Di nhién, khi da c6 twong dwong 5 diém thuyc
xac dinh 1 conic phang, thi phai dung lap trinh, vé
chinh xac ra conic d6. Khi vé xong conic, ta ciing
c6 ludn 2 truc, tdm, va 2 tiém can cuta hypecbol, ta
can ndi, va lam 1 vai chinh stra, néu conic can tim
la hypecbol, hay parabol, thi trong may tinh khng
c6 phan mém dé vé thay, va phai dung dwong da
vé dé tim tiép két qua khac, hay viét biéu thire giai
tich...Vi thé, v&i hypecbol, can vé véi it nhat 5000
diém, dé dat chinh xac, con néu 13 elip, thi cé thé
ap dung vé lai theo tam, truc, ...
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2. Ap dung bién déi giao doéi cuc
2.1. Ap dung bién déi giao déi cwc, tim co.v1
Can ap dung bién déi giao dbi cuc , néu
chum conic c6 chung 4 diém thwc ABCD- 3 cuc
chung K,M,N nhuv trén hinh 2.1a, ta vé dwoc
dwéng ndi tam la 1 hypecbol di qua M,N,P va cac
trung diém clda 6 canh t giac toan phan
ABCD...nhanh néi tam cac hypecbol, néi 3 cuc
M,N,P va 3 trung diém 3 canh AD, CD, AC va tam
cac hypecbol clia chim; nhanh néi tam cac elip di
qua trung diém 3 canh AB, BC, BD, va tam cac elip
cla chum, (1.4a)

Hinh 2.1a. Vé co.v1 clia chum 4 diém thuc

V&i chum conic chung 4 diém ao, va 3 cuc
chung M,N,P; v&i co s& bién ddi 1a chum 0 gdm
co.1 va 2 dwong thdng q1,g2 hinh 2.1b, bién dbi
dwdng thang xa vo tan trong mat phang nay, thanh
1 conic co.v1, theo két qua bién déi giao ddi cuc,
co.v1 1a 1 hypecbol, néi tdm céc conic ctia chum
conic: 1 nhanh néi tam cac elip cta chum 0, 1
nhanh néi tdm cac hypecbol ctia chum 0, hai tiém
can cla co.v1,ki hiéu la tc1,tc2, méi tiém can chi
phwong 1 truc ctia 2 parabol cia chum 0, (1.4b).

Hinh 2.1b. V& co.v1 v&i chum 4 diém ao

T mbi diém vo tan theo phwong 1 tiém can,
ta tim dwoc 1 parabol cia chum 0, trén hinh 2.1c,
ta dwng dwoc parabol 1, parabol 2; twong wng
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phwong tiém can 1, tiém can 2 cla conic néi tam.
Pé dwng dwoc mbi parabol nay: ta lam twong tw
nhw bai toan trén hinh 2.1¢: dwng 1 dweng thang
/I v&i diém xa vo tan “tc1”, dwong thdng nay cét
chum 0, cho hai hang diém déi hop, diém twong
(ng v&i diém vo tan “tc1” 1a E2. Qua E2, dwng 3
dweong thang co vi tri bat ki, tim dwoc 3 diém twong
ng la E3, E4, E5 va ta dwng dwoc 1 conic di qua
5 diém: E2, E3, E4, E5 va diém vo tan “tc1”, 1a 1
parabol cia chum 0. Lam twong tw v&i diém vo tan
“tc2”, ta dwng dwoc parabol thir hai cia chum 0,
nhw trén hinh 2.1c. Rut ra qui tc sau: qua 1 diém
hiru han bét ki thudc 1 trong 2 parabol, hay 1 trong
2 diém vo tan “tc1”, “tc2”, thi dwng dwoc 1 dwong
parabol ciia chum 0. (1.5a)

Hinh 2.1c. Vé dwoc 2 parabol ciia chum

Qua 1 diém hiru han & trong 1 parabol, thi
dwng dwoc 1 elip ctia chum. (1.5b)

Qua 1 diém hiru han trén mat phdng chum 0,
va & ngoai parabol, thi dwng dwoc 1 hypecbol cla
chum. (1.5c).

Ta nhan thdy ciing c6 2 nhém hypecbol. Néu
2 dwong thang q1, g2 khdng vudng goéc nhau, thi 4
nlra dwong thang q11, q12, 21, q22 tao ra 2 cép
goc dbi dinh. Mot cap goéc nhon, chira vo sb
hypecbol nhon, & trong la 1 parabol 1, trong cuing
la 1 nhom elip. (1.5d).

Mot cap goc tu, vi du q11-P-g22 va g21 P
q12, chra 1 nhédm “hypecbol tu” va hypecbol
vudng, trong la parabol 2, trong cung la 1 nhém elip
2. (1.5e).

Nhan xét: Viéc lap dwoc 2 parabol da giup
cho c6 thé lay diém hivu han & dau, trén mét phéng
chum 0, thi cho elip, cho parabol, cho hypecbol.
(1.5f)
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Giup cho khi lay 1 diém vo6 tan J* néu qua K,
vé dwong thang K J*, thi dwong thang K J* nay
nam trong géc déi dinh nao trong két qua 1.5d, hay
1.5e thi twong wng cho loai hypecbol do.

2.2. Treong hop chi cho 2 conic khéng cat
nhau theo diém thwc

2.2.1.Tim 3 cwc chung cdia chum; Chum cho 2 elip
co.1, co.2 chwa cé 1 cwc chung nao, va 2 cap diém
4o ciling chwa xac dinh dwoc dwong thang thuc
q1,92...nhw trén hinh 2.2a.Néu dung dai sé va giai
tich, can lap phwong trinh 2 conic, rdi gidi phuwong
trinh, tim 2 cép diém chung 2o, tir d6 viét phuong
trinh dwéng thang ndi méi cap diém o lién hop do,
Nhwng & day, tdi dung bién déi giao ddi cwc, thay
cho viéc dung dai sb, nhw sau. Ta lap 1 bién d6i
giao ddi cuc: v&i chum conic co sé 1a 2 elip da cho.
DAu tién Iay dworng thang vo tan v, tim anh giao dbi
cwc cla v véi 2 conic co s, dwoc conic co.v1. RO
ldy 1 dworng thang g1 (nén 1ay g1 khong cét co.v1),
dwéng thang g1 cé diém vo tan J*, J* ¢6 anh la
diém hivu han J thudc co.v1.

()<=

Hinh 2.2a. 2 conic chi cé diém chung o

Tim &nh 4 diém niva thuéc g1, vé co.g1 di
qua K va 4 diém dé, nhw trén hinh 2.2b. Hai conic
co.v1, va co.g1 cung di qua 3 cwc chung cla chum
0, va co6 diém chung L, ta ki hiéu 3 diém chung la
K-& ngoai co.1, co.2; va diém M & trong co.1, diém
N trong co.2...

Hinh 2.2b. Tim 3 cwc chung, va 2 dwdng thang

q1,92
Kiém tra sw chinh xac cta két qua: T diém

Nguyen

K & ngoai 2 conic co.1, co.2, ta vé duwoc 4 tiép
tuyén co 4 tiép diém, thi 4 tiép diém nay, va 2 diém
M,N 14 6 diém phai thdng hang. (2.3a) Ciing twong
tw, co thé kiém tra sw thdng hang cta 6 diém trén
dwong thadng KM tir diém N...(2.3b)

Trén co.v1, nhanh néi tam cac elip clia chum
thi di qua tdm elip co.1,elip co.2. Vi vay, 2 duwdng
thdng ndi 2 cap diém &o chung, phai di qua
K.(2.3c)Theo két qua bién dbi giao dbi cwc, trong
tai liu [3], mot dwdng thang di qua cwe chung K,
thi ¢ anh giao ddi cuc 1a 2 dwong thang: 1 dwong
thdng ciing di qua K, va 1 dwdng thang la dwong
thdng dbi cwc k. Néu chi ldy duweng thang di qua K,
thi méi dwong thang di qua K, cé &nh la 1 dwong
thang di qua K, tao thanh hai chum dwéng thang
déi hop, (tam K), co 2 tia kép la 2 dwdng thang ,
méi dwdng thdng chira 1 cép diém chung cla
chum: tie la K-g1,K-g2.

Hinh 2.2c. Tim 2 tia kép K g1, K g2, clia chum
K(U1-UT’, U2-U2)

Trén hinh 2.2c, ta lay diém U1,U2... tim anh
giao dbi cwc véi chum 0 14 diém U1’, U2’; va ta cd
2 chum dworng thang déi hop K (U1-U1’, U2-U2).
V& 1 dwdng s tuy y, cat chum theo hai hang diém
1-1, 2-2’...Trén dwdng thdng s, tim duwoc 2 diém
kép q1’, q2’. Nbi dwong thang K-q1’, K-g2’ ta dwoc
hai dwéng thang chira 2 c&p diém chung do cua
chum 0: g1, 2. Khi da tim dwoc 2 dwdng thdng
g1, g2, mdi dwérng chira 1 cdp diém chung 4o cua
2 conic. Ta cling c6 thé kiém nghiém xem c6 dung
la méi dwong, ndi 2 diém chung &o lién hop cla
chum 0, nhw da lam & muc trén. Trwéng hop néu
cho 2 conic co.1, co.2 & ngoai nhau, va khoéng cét
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nhau theo diém thuc, ta cling tim dworc twong ty,
Khi d6 diém K & ngoai ca 2 conic, diém M, diém N
méi diém & trong 1 conic, néu 2 conic & ngoai
nhau.

Theo két qua bién dbi giao dbi cuc tham khao
[4], &nh mbi dwdng thang 1a 1 conic di qua 3 cwc
chung K,M,N, cia chum 0, va anh diém chung E 14
diém E’.

Kiém nghiém cuc K: chon trong 3 cuc, 1 cuc
K & ngoai ca 2 conic co.a1, co.a2. V& qua K, 4 tiép
tuyén vai 2 elip, thi 4 tiép diém, va 2 diém M,N 13 6
diém phai cung thudc 1 dweng thang la k, .( 2.3)

Kiém nghiém dwdng thdng chira cap diém
chung 4o clia 2 conic co.1, co.2:

M6t dwdng thang ndi 2 diém chung 1a 2 diém
thwe, thi tréng thay ré rang, khéng can kiém tra gi
ntra. Nhwng 1 dwéng thang néi 2 diém chung o,
khong trong thay, thi cé cach kiém tra, dé xac nhan
dang la 2 conic ¢6 chung 2 diém ao trén 1 dwdng
thdng do.

Mot dwdng thang ndi 2 diém chung khéac
nhau cta 2 conic, thi mdi diém bét ki thuéc duwong
thdng véi ca 2 conic, chi cé 1 diém lién hop chung.
Nén cé thé 1ay 1 diém W bat ki thudc g1, vé 2
dwong thdng dbi cwc cia W véi co.1, co.2, 2
duwong thang nay, da cat nhau & 1 diém thudc
duwéng thdng q1. Di nhién 1 dwdng thang nbi 2
diém chung la diém thwc khac nhau, thi ciing cé
tinh chéat nay. Khi 2 conic co.1, co.2 da tim dworc 2
cap diém chung o, thi [am nhw hinh 1.1a.

Viéc tim ra vi tri chinh xac clia 2 parabol, cla
chum, ding véi tat c& hai chum conic ¢ chung 1
cap diém thuc, hay ca 2 cap diém thuc.

Khi 1y 1 diém hiru han, tim dwoc thém 4
diém thuc niva, tr 5 diém c6 thé dinh dang dwoc
conic nay, khéng can vé ra: lay 3 diém hiru han
trong 5 diém d6, lap 1 co s& bién dbi vudng goc
xem tai liéu [5], khi d6 tim &nh 2 diém con lai ta cé
thé tim géc dinh dang, phwong cuda truc, va tam
cua conic...Nhwng ndi dung vira néu, la tim duoc
céac thdng sb 1 conic da cé 5 diém thye, khéng phai
Ia chon. Vi du Cho chum conic nhw hinh 1.1a, hay
tim 1 elip c6 goc déng dang max?

Trong khi, véi mét chum conic c6 chung 4
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diém thwc, thi 4p dung dwoc bién ddi giao déi cuc
vudng goc, c6 thé chon 1 conic clia chum theo 1
sb yéu cau, nhw: tam, phwong truc, géc dinh
dang... Vay c6 cach nao dé 1 chum conic chung 2
cap diém 3o, ciing thwc hién chon ngay tir dau, dé
xac dinh 1 conic theo cac yéu ciu co thé nhw cac
chum conic dung bién déi giao déi cwe vudng géc.
2.3. Vé conic m¢i theo tam conic

a/O muc 2.1, ta da vé dwoc dwong ndi tam
céac conic trong chum 1. Cac diém thudc nhanh néi
tam cac hypecbol cia chum, trong do chi cé 1 cap
2 dwong thang thwe b1, b2, né cling xac dinh 1
hypecbol ctia chum.

b/ Mét dwdng thang bat ki cat chum conic 0,
bao gi¢ cling cho cac cép diém khéng chia ré nhau,
vi cac conic trong chum 0, chi chra nhau, hay &
ngoai nhau. Do d6 lién hé déi hop nay, bao gi®o
ciing c6 2 diém kép thwc. M&i dwdng thdng Q di
qua 1 diém l1a tam Ci ctGa 1 conic cGa chum 0, thi
tao ra cac cap diém cua 1 lién hé dbi hop, nhan
tam Ci va diém v tan Q* 1a 2 diém kép, ma trong
doé ¢ 2 mut ctia dwdng kinh trén Q, 1a 1 cap diém
cla lién hé dbi hop nay. Ta chirng minh dwoc 1 sb
két qua sau.

¢/ Mbi diém thudc nhanh tam hypecbol, 13
tam 1 hypecbol thirc. xem hinh 2.3a.

V6i hypecbol, theo so d6 diém va parabol:
mdi diém cha 1 hypecbol, bao gi® cling & ngoai
parabol, ttr 1 tdm hypecbol, H1, bao gi& cling &
ngoai parabol 2 (& bén phai). Ta vé& dwoc tiép tuyén
H1-21, diém 21 Ia tiép xUc parabol 2. Puwong tiép
tuyén nay cét 2 dwong thang q1,92 , ta xac dinh
duoc diém tiép xac thi 2 la diém 22 , trén duwdng
thdng H1-21. Lién hé dbi hop 1 c6 2 diém kép la
21-22. Hai d4u muat dwéng kinh ctia hypecbol 1, thi
chia diéu hoa hai diém kép H1 va diém vo tan trén
H1-21, 1 cta 1 lién hé déi hop thir hai. Theo dinh
i hinh hoc xa anh: Hai lién hé déi hop trén cung 1
dwong thdng gia, néu c6 2 cap diém kép khong
chia ré nhau, thi cé cap diém chung, tirc la dwong
kinh clia hypecbol trén duwéng thdng H1-21 14 ¢6 2
dau mat thuee, tiee 1a hypecbol tam H1 1a 1 hypecbol
thye. Suy ra: muc nhé 2.3.c, da duwgc chirng minh.
Trén nhanh ndi tdm di qua cwc K & ngoai ca hai
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parabol clia chum, con cé diém K, la giao diém hai
dwéng thang thwe ctia chum ciing dwoc coi la 1
hypecbol suy bién, vi c6 2 diém v tan thuc.

Hinh 2.3c. Trong géc nhon, cac hypecbol (nhon)

h1 trong géc tu, cac hypecbol h2 Ia hypecbol tu
Khi chay lap trinh vé dwong conic co.vi,
ngay ca “may tinh” ciing ndi giao diém 2 dwong
thdng q1. g2 vao nhanh tam cac hypecbol, thiva
nhan giao diém K la “tAm” ctia conic |a cép dwong
thdng “q1 va g2”. Néu xac dinh hai dwdng thang
tiém can chi & ngoai cac diém cla hypecbol, thi cd
hypecbol nhon, va hypecbol tu nhw trén hinh 2.3b,
duwgc phan loai theo hinh gidi tich: goi la hai
hypecbol lién hgp, cung cé géc 2 tiém can la géc
nhon hay =90° (khéng cé gdc tu). Theo hinh 2.3c,
trong géc nhon q1-K-qg2, 1a cac hypecbol nhon, vi
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& trong géc nhon): con trong goc tu g2’-K-q1’, la
cac hypecbol tu, tirc la cac hypecbol lién hop, di
nhién hypecbol vuéng ciing ndm trong géc tu nay.
Nhuwng téi day, ta chwa thé tim dwoc hypecbol
vudng trong chum nay.

d/ Trén nhanh néi tam céc elip cta chum 0:

co 2pt chug

0 co 2pt chug

Hinh 2.3d. Hai lién hé dbi hop khéng chia ré cung
trén 1 dwong thang, c6 hay 0 ¢ 2 diém chung

Phai néi chinh xac 1a nhanh néi tam céc conic
c6 diém vo tan &o cta chum conic 0. LAy bét ki
diém Ei nao thudc nhanh nay, va khéng thudc cung
[M N], thi didm d6 1a tam 1 elip thuc, tic 13 mi
dwéng thang bét ki qua Ei, déu cét conic tam Ei, &
2 diém thye. Vi dy diém E1 1a tam co.1, thi & ngoai
parabol 2. Ta cling 1ap luan nhw diém c, thi chirng
minh dwgc dwong thang tiép tuyén véi parabol 2,
c6 2 lién hé dbi hop cung gia, va 2 cap diém kép,
khéng chia ré nhau, nén cé 1 cap diém chung thuc,
tirc la 1 dwdng kinh cua 1 elip thye, tam E1. Xem
hinh 2.3d.

e/ Néu lay M, thi rd rang M 1a giao diém cua
2 dwong thang 3o lién hop ctia chum 0, khéng phai
la tam 1 elip khong suy bién, ma coi la tdm cép
dwérng thang do lién hop ctia chum 0. Biém N ciing
c6 vai tro twong tw.

f/ Cac diém thudc cung cong (MN), néu 1y
méi diém thuc Ei thuéc cung cong (MN) trén co.v1,
bao gi& t Ei cling & ngoai it nhat 1 trong 2
parabol,nén ta vé dwoc qua Ei, tiép tuyén voi 1
parabol... C6 2 lién hé déi hop, trén 1 dwéorng thang
tiép tuyén d6, Nhwng 2 cdp diém kép cla 2 lién hé
déi hop, thi chia ré nhau, vi diém Ei & trong doan
21-22 |a 2 diém kép cha lién hé dbi hop 1, nén 2
diém Ei va diém vo tan trén E khoéng co6 cdp diém
chung , la 2 diém thuwc, tirc 1a méi elip nay, chi la 1
elip ao.
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d/Véi 1 elip thwe: thi bao gid 1 dwdng thang
qua tam ciing cét elip theo 2 diém thwc phan biét,
nhan tam Ia trung diém. Co s& dé chirng minh, 1a
tim c&p diém chung cua 2 lién hé déi hop, da duoc
rat ra theo két qua xa anh: Hai lién hé déi hop trén
1 dwong thdng gia s. Néu co6 1 lien hé déi hop
eliptic, thi luén c6 1 cap diém chung, néu ca hai
cung 1a hypecbolic, thi hai cap diém kép khong chia
nhau, sé& c6 1 cdp diém chung, hai cap diém kép
chia ré nhau, thi khéng cé cap diém chung (xem
hinh 2.3d).

Ta chirng minh dwoc cac diém cia cung (M
N) déu la tm méi elip &o, Riéng diém M, hay N, la
giao diém cla 2 duwong thang 4o lién hop, cling la
tam cla conic suy bién thanh 2 dwéng thng. Mbi
diém & trong cung MN, déu: thda man moi dwdng
thdng di qua diém Ei d6, tao ra 2 lién hé dbi hop
cung gia, cé 2 cdp diém kép chia ré nhau, nén
khéng c6 cap diém chung 1a 2 diém thwc. Nén mdi
conic do, la 1 elip ao.

Mbi diém con lai trén nhanh néi tam cac elip
(chtra MN) cua dwéng ndi tdm co.v1 va khéng
thudc cung nhé MN néi trén, déu 1a tam 1 elip thuc
ctia chum conic chung 4 diém ao da cho . Vi mot
dwéng thdng Q bét ki di qua tam Ei cta 1 elip i cua
chum, cét elip theo 2 diém thwc c6 Ei 1a trung diém,
xac dinh 1 lién hé dbi hop trén Q, c6 2 diém kép 1a
Ei va diém vo tan Q* trén Q. Puwdng thang Q, cét
chum 0 (91,92 va 2 diém cla 1 conic vi du co.a cua
chum, theo 2 cap diém khoéng chia ré, bao gi® cling
c6 2 diém kép thwe, vi du la W1, W2. Theo két qua
cua, trang 63 tai liéu [1], ...néu w1-w2, va Ei - Q*
khéng chia ré thi cé cap diém chung, la 2 diém
thwe, la mat 1 dwong kinh cda elip...

g. Ap dung két qua trén: Vi du Ei 13 tam 1 elip
l4y trén nhanh ndi tdm elip cla co.v1. vé 1 duwdng
thdng Q bét ki qua Ei, Q cat co.1, va q1,q2 theo 2
cap diém : 11-11°, 12-12’ d6i hop khong chia ré.
Cho ta hai diém kép L-L’, va 2 diém mut cta 1
dwong kinh elip, 1a F-F’ chia didu hoa didm Ei va
diém Q* la diém vo tan trén Q. Ta can tim cép diém
chung cla 2 lién hé ddi hop nay. Néu Ei khong
thuéc cung M-N, thi tim duwoc 2 diém F,F’ trén Q,
cda elip co.ei , tr d6 tim thém cac diém cua elip
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tam Ei, ta dwng dwoc co.ei.
2.4. Tim hai diém tiép xtc cua conic trén dwong
thang d6i cwe chung k

Viéc lam trong muc 2.4, tuy don dan, nhwng
ta con co cach dé lam nhanh hon, va cho moi conic
cua chum khi da cé tam conic.

1/ Trén dwdng thang dbi cuc k clia cuc
chung K= g1 x g2, mdi conic ctia chum déu c6 2
tiép tuyén vai 2 diém tiép xdc thue, trén 2 duwong
théng tiép tuyén qua K. Cac cap diém nay, tao ra 2
hang diém déi hop nhan M,N la 2 diém kép. Ta co
thé lap 1 conic bang cach chiéu hai cap diém nay ,
theo 2 phuwong + 45 °, so v&i dwong thang k  thi
tr hai hang diém dbi hop nay, ta dwng dwoc 1
hypecbol vuéng, c6 1 truc la k, hai dinh la
M,N...M&i cap diém dbi hop, dwoc chuyén Ién
thanh 1 diém cta hypecbol vudng nay, ta ki hiéu
hypecbol vudng nay, la conic dé xac dinh 2 diém
tiép xuc (2 tangent points) ctia méi conic clia chum,
trén dwong thang k, viét tét co.2 t,p.

Vi hai hang diém xa anh nay, 1a déi hop
khéng chia ré, nén anh 2 chum dwéng thang trén
cho ta 1 hypecbol vuéng, nhan 2 diém kép M)N la
2 dinh va 1 truc la dwong MN, Méi diém thudc
dweng thdng k(MN)., 1a 1 trung diém clia canh day
tam giac vuéng can, c6 2 dau mut la 2 diém tiép
diém cua conic ctia chum, v&i tiép tuyén di qua K.

2/ Méi dwérng thdng ndi K véi tdm conic Cj
thudc co.v1, cat duwong thadng k & 1 diém Cjk, diém
Cjk la trung diém ctia doan néi 2 diém tiép xtic bén
trai Lej va bén phai Rj, Theo cach lap co.2tp, trung
diém Cjl 1a hinh chiéu vuéng géc ctia 1 diém thudc
co.2tp. c6 diém Cjl, thi lay trén k 2 doan = K-Cik,
ta dwoc 2 diém tiép xdc ctia conic tdm Ci, véi 2 tiép
tuyén K-Rj, K Lj. Vi da biét tam la Cj, nén lay dbi
xrng qua tam, dwoc 1 diém thir 5 clia co.g;.

3/ Céac thao tac dé vé parabol 2, trén hinh 2.4.
la: tr cwe K, v& dworng thang ndi tdm parabol 2 13
1 dwdng thang song song vé&i tiém can 2 ctia co.v1,
cat dwong thang déi cwc k & diém 02, Déng dirng
qua 02, cat co.2tp & diém Hph (Hph la hypecbol
bén phai)Vé dwong tron tdm O2, ban kinh O2-Hph,
catk & 2 diém 2p, 2p’ 1a 2 diém tiép xuc v&i parabol
2, cla 2 tiép tuyén qua K. Ta 4p dung diém vo tan
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tiém can 2, tim 1 diém hiru han cta parabol nay,ta
dwng dwoc parabol 2 di qua 2 diém tiép xuc, va 1
diém hu han, ...V&i 1 conic da co tam la 1 diém
Ci thuéc co.v1, ta cling lam twong tw...N6i K-Ci,
cat k & Ci’, qua Ci’, vé dwdng thang vudng géc k,
cét co.2tp & diém Ci”. vé day tam giac vudng can
dinh Ci”, gia st 1a 2 diém 1Ci, 2Ci. trén k. Vi tam
conic 1a diém Ci trén co.v1, nén lay dwoc 1 diém
ddi xtrng qua tdm Ci , va ta vé dwoc conic co tam
Ci, tiép xuc 2 diém trén k, di qua 1 diém hiru han

Hinh 2.4. Dung co.2tp vé parabol, cac conic ...

4/ Trwdng hop tam elip ldy trong cung
hypecbol co.v1 (MN), thi conic co.2tp khéng co
diém thuc twong (rng, nén khong cé elip thye cha
chum.

5/ Rd rang trén dwong thdng dbi cwc k co 2
doan chan twong trng 2 parabol, trong 2 doan chan
nay, la 2 vuing elip, ngoai 2 doan chan nay |a 2 viing
hypecbol.

Vi thé, dwng 1 dwdng tron cé dwéng kinh a
doan chan 1 parabol bén trai, thi dwérng thang qua
tam dwdng tron nay, cat co.2tp & 2 diém, tir hai
diém nay, sang phia trai dwong co.2tp la nhirng
diém cho hypecbol ctia chum. Phia bén phai ciing
twong tw,

Co thé tim hai conic ctia chum, c6 doan chan
trén k, béng nhau, Vi du elip co.1 & bén tréi, va elip
co.1 & bén phai, c6 doan chan trén k bang nhau,
thi cé goc dinh dang khac.

Trén duong co.2tp co thé chi ra: doan chan
parabol 1 & bén trai, trén k, tr trung diém 1, xac
dinh diém Pa1’ trén co.2tp, trén doan chan parabol
2 & bén phai, ciing tim dwoc diém twong (rng thudc
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co.2tp, la diém Pa2'’.

Tuy nhién, vi chi dwng dwoc conic theo tdm
da cho, nén khi dwng xong conic, m&i xac dinh
dwogc do Ion goc dinh dang, phwong cua hai truc
conic do, ...cho nén can bd xung mét sé cach dé
cho viéc lya chon conic clia chum, ciing dugc day
da nhw ap dung bién ddi giao dbi cwc vudng goéc
thwe sw, dwoc noi ki trong bai bao khao sat chum
conic chung it nhat 2 diém thuec ...

Sw thay ddi vi tri cac diém trén dwéong conic
co.2tp, dwa dén sy bién déi tam cac conic khac
nhau ctia chum 4 diém 4o, nhanh conic co.2tp di
t diém Pa1 qua dinh, sang diém Pa2, cho tam
elip. 2 diém Pa1, Pa2 cho 2 parabol, con lai tir Pa1,
Pa2 ra dén diém xa vé tan, cho cac diém trén k, dé
vé hypecbol...

Két luan phan 1. Trong bai nay, méi chi khao
sat chum cé 3 cwc chung hiru han K,M,N. Mét loat
bai toan & pham vi triu twong, la khdo sat cac conic
chung 2 cap diém 3o lién hop, da ching minh
bang cach dwng hinh, va vé hinh chinh xac theo
viéc lap trinh Autolisp trong autocad.

Lan dau tién, chi ra bang ddng tac hinh hoc

Tim 3 diém dbi cwc chung cta 2 conic khéng
c6 diém chung la diém thuc, va tim 2 dwdng thdng
thwe, mdi dwdng chira 1 cap diém chung 4o cla 2
conic.

Kiém chirng lai xem 2 conic ¢ dung la
chung 1 c&p diém &o lién hop trén 1 dwdng thang
thwc q1, hay khéng: bang céach: lay 1 diém F bat ki
thudc q1, dwng hai dwong thang ddi cuc cia F voi
2 conic thwe co.1, co.2 clia chum, phai cat nhau &
1 diém F’ thudc q1. Céac diéu thu dwoc cling cé thé
phat biéu dwéi dang dai sb, giai tich.

Lan dau tién, chi ra trong chum conic phang,
chung 2 cap diém &o, ¢ 1 tap hop céc elip do, ¢
thé tim tam,...Nhirng két qua nay, ciing chua hé cé
trong hinh hoc xa anh.

T mdi conic da vé dwoc tir chum 0, ap dung
1 56 két qua trong tai liéu tham khao [5], c6 thé viét
cac phuwong trinh Dé-cac, hay phuong trinh theo
tiéu diém, dworng chuén...cho méi conic dé.

Phuwong phap khao sat chum conic chung 4
diém &o trong bai nay, khéng dung giai tich, dai sb,
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ciing ¢6 nhwoc diém |a phai dung nhiéu chi ki hiéu
trén hinh vé dé giai thich, khién cho nguwdi khéng
quen doc hinh vé, cé thé nan long.

Tuy nhién, sau phan nay, con 1 sb van dé, &
chum conic chung 2 cap diém &o lién hop, chwa co
kha nang giai quyét, nhu: vé hypecbol vuéng cla
chum, tim elip chinh (elip c6é goc dinh dang max)
cla chum, tim bat ki conic nao ctia chum, theo dinh
dang cho trwéc, la: phwong cla truc, géc dinh
dang cla conic, tim conic ddng dang...Cac van dé
nay, dwoc gidi quyét trong phan 2.

Két qua vé chum conic chung 2 c&p diém ao,
dwoc thé hién trong chum conic trén mat phéng xa
v tan V, cat 1 chum mat bac hai tao nén tir 2
elipxoid, trong khéng gian 3D, Trong d6: méi
elipxoid, cét V theo 1 conic &o, va mbi hypecbo loid
cat V theo 1 conic that...mat paraboloid eliptic cat
V theo 1 cdp dwdng thidng ao lién hop, mat yén
ngwa, cat V theo 1 cap duwong thang thuwc...va nhe
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chum conic nay, ta khao sat dwgc chum mat bac

hai d6. TAt ca cac dwdng conic trong cac hinh vé

bai nay déu lay trong két qua tham khao [6].

Tai liéu tham khao

[1] N.C. Toan. (1970). Hinh hoc xa &nh. Nha xuét
ban Dai hoc Sw pham Ha Néi.

[2] L. Kadison and M.T. Kromann. (1994). A Course
in Projective Geometry. Roskilde Universitet.

[3] J.W. Young. (1930). Monograph on Projective
Geometry. The Mathematical
Association of America.

[4] N.V. Tién (2023). Chum conic phéng cé chung
it nhat 2 diém thuec. Tap chi Khoa hoc Dai hoc
Kién truc, sb 47.

[5] Jean-Marie Monier. (1990). Tuyén tap hinh hoc.
Nha xuét ban Dunod.

[6] N.V. Tién (2024). Cac bai toan vé conic khéng
dung giai tich, dai sb. Tap chi dién t&r Khoa hoc
va Coéng nghé Giao théng, 4(1), 27-35.

66



